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Abstract

For a large homogeneous portfolio of financial positions, we study the asymptotic behavior
of the capital requirement per position defined in terms of a convex monetary risk measure.
In an actuarial context, this capital requirement can be seen as a premium per contract. We
show that the premia converge to the fair premium as the portfolio becomes large, and we
give a precise description of the decay of the risk premia. The analysis is carried out first for
a law-invariant convex risk measure and then in a situation of model ambiguity.
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1 Introduction

Consider a large portfolio consisting of n financial positions whose monetary outcomes are described
as random variables X1, ..., X, on some probability space (2, F, P). Given a convex risk measure
p, the capital which is required in order to make the aggregate position S, = X; + --- + X,
acceptable is specified as p(S,,), and we denote by

Tn += %P(Sn)

the resulting capital requirement per position.

From an actuarial point of view, p(S,,) can be seen as the aggregate premium which is needed
to secure a portfolio of n insurance contracts, and m, is then the premium per contract. In the
classical i.i.d. case, one expects that the premium 7,, should be higher than the “fair premium”
Ep[—X1], and that the “risk premium” 7, — Ep[—X;] should decrease as the portfolio becomes
large. For the coherent entropic risk measures p., defined by

pe(X) =  sup  Eg[-X] (1)
Q:H(Q|P)<c
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in terms of the relative entropy H(Q|P), this is indeed the case. More precisely, we have m, >
Ep[—Xi], and
lim /n(m, — Ep[-X1]) = 0pV2c, (2)
ntToo
where 0% denotes the variance of Xi; cf. [8], Proposition 4.1. On the other hand, the pooling of
risks does not have the desired effect if we take the convex entropic risk measure e, defined by

ex(X) = sup{Bg[-X] ~ LH(QIP)} =} log Bple ™) 3)

for parameters v > 0. Indeed, since e, is additive on independent positions, we have e, (S,) =
ne,(X1), and so m, does not decrease as the portfolio becomes large.

In this paper, our aim is to understand the preceding two examples from a more general point of
view. For the ease of exposition we restrict the discussion to portfolios consisting of positions which
are i.i.d. with finite exponential moments, but our arguments have a wider scope; cf. Remarks
and In Section [3] we study the asymptotics of the capital requirements specified by a
law-invariant convex risk measure p. Risk measures are often considered as functionals on L°.
But in the law-invariant case they admit a canonical extension to L'; cf. Filipovi¢ & Svindland
[7]. Under our exponential moment assumption, we will actually consider them as functionals on
a suitable Orlicz space, in accordance with the general discussion in Cheridito & Li [2][3], and we
will make extensive use of the estimates available in this context.

As shown by Kusuoka [15] in the coherent case and by Kunze [14], Dana [4] and Frittelli & Rosazza
Gianin [I2] in the general convex case, any law-invariant convex risk measure p can be constructed
by using as building blocks the coherent risk measures Average Value at Risk (AVaR), defined by

A
AVaRy (X) = %/ VaRq (X) da
0

for any level A € (0,1]; cf., e.g., [I0], Theorem 4.62. It is therefore natural to begin by looking at
Average Value at Risk and at the behavior of the corresponding premia ;) := %AVaRA(Sn) as the
portfolio becomes large. In Proposition [3.1] we show that, as a straightforward consequence of the

central limit theorem, the premia 7} converge to the fair premium, and that

lim Va(r) = Ep[=Xa) = opde(@7' (1), (4)

where 0% denotes the variance of X; under P, and where ¢ and ® denote the density and the
distribution function of the standard normal distribution.
In a second step we focus on the comonotonic case. Here the risk measure takes the form

pu(X) = [ AVaRA(X) (@) (5)

for some probability measure p on (0,1]. Theorem shows that the asymptotic behavior of
the corresponding premia m,, , = %p# (S,) is analogous to if log(1/)) is integrable under the
mixing measure . We then pass to a general law-invariant coherent risk measure, given by

PM = SUp py (6)
pneM

for some class M of probability measures p on (0, 1]. Under the condition

Msg/a/o log (1) p(dX) < oo (7)



we show that the asymptotic behavior of the corresponding premia 74,y 1= %L pm(Sy) is described

by
1

lim /n(mpm,n — Ep[—Xi]) = op sup %gﬁ(@fl(x\)) w(d\); (8)
ntToo nweM Jo
cf. Theorem [3.21
In the final part of Section 3 we consider the general case of a law-invariant convex risk measure
p- Here the risk measure is of the form

p(X) = Slip{pu(X) —B(1)}, (9)

where the penalty function 8 for probability measures p on (0, 1] is given by

5() = sup pu(X) = sup [ AVaRA(X) (@),
XeA, XeA, J(0,1]

and where A, := {X|p(X) < 0} denotes the class of positions X which are acceptable for p. In
Theorem [3.3] we show that the asymptotic behavior of the risk premia is the same for p as for the
coherent risk measure associated to M, := {u|3(p) < oo} via (6). Here we need two conditions:
The class M, should satisfy @, and the penalty function should remain bounded on M,. In
the coherent case we have 3 = 0 on M,, and so the second condition is satisfied trivially. In the
convex case, the second condition follows from the first if the exponential moments of the amount
X~ of the loss stay bounded for positions X which are acceptable for p; cf. Lemma The
convex entropic risk measures e, satisfy this last condition. But they do not satisfy the first, and
this explains why they do not have the desired convergence property.

In Section [f] we illustrate our result for law-invariant comonotonic risk measures by viewing the
risk measures p, as Choquet integrals with respect to some concave distortion of the underlying
probability measure P, and by considering the special distortions proposed by S.S. Wang in [19].
We also show how the coherent entropic risk measure p. and the corresponding results in [g] fit
into our general framework. As a further example, we introduce a truncated version e, . of the
convex entropic risk measure e, and we show that the asymptotic behavior of the induced risk
premia is the same as for the coherent entropic risk measure p..

In the final Section [5| we discuss an extension of our results beyond the law-invariant case. Here
we limit the discussion to coherent risk measures of the form

PP,M = SUD PP M,
PeP

where P is some class of reference measures, and where pp ¢ is defined via @ for a given P € P.
These risk measures can be viewed as a robustification of the law-invariant coherent risk measures
in @ We formulate conditions which guarantee that the corresponding premia converge to the

robustified fair premium

sup Ep[—X1],
PeP

and that they do so at the rate n~'/2, in analogy to (§); cf. Theorem

2 Preliminaries

First we recall some basic definitions and facts from the theory of risk measures, first developed
by Artzner, Delbaen, Eber & Heath [I] and Delbaen [5] in the coherent case and then extended
to the general convex case by Follmer & Schied [9] and Frittelli & Rosazza Gianin [I1]; cf. also
Deprez & Gerber [6] for an earlier development in the context of actuarial premium principles. We
refer to [10] for further details and a more extensive list of references, and also to Song & Yan [17].



A functional p on the space X of bounded measurable functions on some measurable space
(Q, F) is called a monetary risk measure if it is

i) monotone, i.e., p(X) < p(Y)if X >Y,
and
ii) cash-invariant, i.e., p(X +m) = p(X) —m for X € X and m € R.

Such a monetary risk measure is called a conver risk measure if it is quasi-convez, i.e., if
p(aX + (1 - a)Y) < max{p(X), p(¥)}

for all positions X,Y € X and a € (0,1), and in that case p is indeed a convex functional on X. A
convex risk measure is called coherent if it is positively homogeneous, i.e.,

p(AX) = Ap(X)

for all X € X and A > 0, and in this case p is normalized, i.e., p(0) = 0.

Now let P be a probability measure on (€2, F) such that the probability space (£2,F, P) is
atomless. We assume that p(X) = p(Y) as soon as X =Y P-a.s.. Then p can be viewed as a
functional on L*°(P).

Definition 2.1. A monetary risk measure p on L™ (P) is called law-invariant if p(X) only de-
pends on the distribution of X under P, i.e., if p(X) = p(Y) whenever X and Y have the same
distribution under P.

Any law-invariant and normalized convex risk measure p satisfies
p(X) > Ep[-X]; (10)
cf., e.g., [10], Corollary 4.65. In particular, the corresponding premia m,, := %p(Sn) satisfy
T > Ep[—X1].

Moreover, law-invariance of a convex risk measure p on L>°(P) implies continuity from above, as
shown by Jouini, Schachermayer & Touzi [I3], and so p admits the robust representation

p(X) = sup {Eq[-X] — a(Q)} (11)
QP

with some penalty function « on the class of probability measures @ on (Q,F); cf., e.g., [10],
Theorem 4.33. A remarkable characterization of law-invariant coherent or convex risk measures
in terms of comonotonic subadditivity or convexity and of monotonicity with respect to stochastic
orders is given in Song & Yan [I8].

Now consider the special case of Average Value at Risk (AVaR), defined for A € (0,1] by

A
AVaR, (X) ::%/ VaRq (X) da
0

=1Ep[(g(\) — X)T] —a(N) (12)

for any A-quantile ¢(\) of X; cf., e. g., [I0], Lemma 4.51. This definition can be extended to A = 0
via

AVaRy(X) := VaRo(X) := l/\i{rolVaRA(X) = esssup(—X). (13)

AVaR is coherent, and it admits the robust representation
AVaR,(X) = Egol-X 14
aRy(X) = max Ho[—X] (14)



with Q) = {Q <« P\Z—g < 1} cf, e.g., [10], Theorem 4.52. For any @ € Q, we have H(Q|P) <

—log A. In view of the definition of the coherent risk measures p., the representation thus
implies the estimate

AVaRA(X) < - 1oga(X); (15)

cf. [8], Proposition 3.2.

As mentioned already in the introduction, law-invariance of a convex risk measure p implies
that the representation reduces to a representation of p in terms of mixtures of Average
Value at Risk. In the coherent case this takes the form (@; in the general convex case it involves
a penalization of the mixing measures as in (9). Since AVaR(X) > Ep[—X] due to (10) or, more
directly, , the representations in (@ and (9) are well defined for any X € L!(P), and they yield
a natural extension of p from L>°(P) to a law-invariant convex functional p : L*(P) — (—o0, oc];
cf. Filipovi¢ & Svindland [7].

In the sequel we will make repeated use of Young’s inequality

Ep[| XY ] < 2/ X[|n[[Y[n- (16)
with respect to the convex functions h and h* defined by
h(z) =el*l —1 (17)
and
h(y) = (lylog lyl = lyl + 1)111,00)(y); (18)

cf., e.g., Neveu [16], Appendix A.2. Recall that the Orlicz norm || - ||, is defined by
|X | == inf{a > 0] Ep[n(131)] < 1.

We denote by L"(P) the corresponding Orlicz space of all random variables X such that || X||;, < oco.
The Orlicz norm || - ||,- and the Orlicz space L"" (P) are defined in the same way.

Remark 2.1. Clearly, | X ||, < oo iff Eple®X!] < oo for some a > 0, and in that case we have
1 < & max{ Ly log Bple®!X1) 1} (19)

Moreover,

[Yl[ns <00 & Ep[[Y]log|Y]] < oo,

and in this case we have

[Y[ln+ < max{1, Ep[|Y|log [Y[]}. (20)
Note also that for an indicator function Y = 14 we get
Ep[h*(31a)] = 1" () PlA],

hence

Lalln- =

1
)= ()

where (h*)~1 denotes the inverse function of h*.



3 Asymptotics of convex risk measures for large portfolios:
the law-invariant case

Consider a portfolio of n financial positions whose outcomes are described as random variables
X1,..., X, on our atomless probability space (2, F, P).

Assumption 3.1. We assume that the random variables X1, X5, ... are independent and identi-
cally distributed under P, and that Xy has exponential moments of any order, i. e.,

Eple®Xil] < 00 for any a > 0. (22)

We also assume that the distribution of X1 under P is non-degenerate and denote by o% > 0 the
variance of X1 with respect to P.

Remark 3.1. We restrict the discussion to the classical i.1.d. case, but only for the ease of
exposition. We do need bounded exponential moments. But the proofs remain valid under much
weaker conditions of homogeneity and weak dependence for the underlying sequence X1, Xo, ..., as
long as the standardized sums satisfy the central limit theorem and we retain control over their
exponential moments.

Let p be a convex risk measure which is law-invariant and normalized. In view of , the
capital requirements p(S,,) for the aggregate positions

are well defined, and the corresponding premia 7, = +p(S,) are bounded from below by the fair

premium Ep[—X;]|. Moreover, our Assumptiontoggther with condition will imply 7, < oo,
as shown in Lemma [3.1] below.

Our aim is to clarify the behavior of the premia 7, when the portfolio becomes large. We will
proceed in several steps, guided by the representation @D of the risk measure p.

3.1 The building blocks: Average Value at Risk

In a first step, we focus on the coherent risk measures AVaRy, A € [0, 1], and on the associated
capital requirements per position, or insurance premia per contract, defined by

T = £ AVaR,(S,).
For A = 0 we have
AVaRg(S,,) = esssup(—S,) = nesssup(—Xi),

hence
70 =esssup(—X;), neEN,

and so the pooling of risks does not reduce the capital requirement per position.
For X € (0,1], however, we have

Ep[—Xi1] = 2Ep[-S,] < £ AVaR,\(Sn) < 2p_1061(Sn),

due to and ([15), and the right-hand side decreases to Ep[—X;] as shown in [8], Corollary 4.1.
We are now going to analyze the decay of the “risk premium” 7)) — Ep[—X;] more precisely.

Proposition 3.1. For any X € (0, 1], the rate of decay is given by
liTm Vn(r) — Ep[—X1]) =op AVaR,(Z) (23)

—op L@ (V). (24)

where Z is standard normally distributed, and where ¢ and ® denote the density and the distribution
function of the standard normal distribution.



Proof. Since AVaR), is cash-invariant and positively homogeneous, we can write

Va(m, — Ep[~X1]) == (AVaRA(S,) — nEp[—X1])
=op AVaR, (S%) (25)

in terms of the standardized random variables

Sy = Sa=nEell,
We are going to show that
liTm AVaR(S}) = AVaR, (2). (26)

Indeed, the central limit theorem yields weak convergence of the distributions of S} to the standard
normal distribution. For any choice of the quantile functions g, of S}, this is equivalent to the
pointwise convergence

lim g,(a) = @ Y(a), «ac€(0,1), (27)

nToo

to the quantile function ®~! of Z; cf., e. g., [10], Remark A.40. Moreover,

1
sup/ (qn(a))2 do = sup Ep[(S:;)Q} =1,
neNJo neN

and this ensures uniform integrability of the sequence ¢,,, n € N, with respect to Lebesque measure
n (0,1). Applying Lebesgue’s convergence theorem, we obtain

A A
lim gn() do = / &~ o) da,
0

nloo Jq

and this translates into (26)), since VaRy(S,) = —¢n(a) a.e. on (0,1) and VaR,(Z) = —®~ ().
Using the substitution z = ®~(a) and ¢'(z) = —z¢(z), we also see that

by o)
/ —d Ha)da = %/ —zo(z) dx
0

— 00

=30(271 (V) (28)

AVaR)\(Z) =

>l

3.2 The comonotonic case

Let us next analyze the case where the coherent risk measure is of the form

pu(X) = [ AVaRA(X) () (29)

for some probability measure p on [0,1]. Such a risk measure p,, is comonotonic, and any law-
invariant comonotonic risk measure is of this form; cf., e. g., [I0], Theorem 4.93. In this case we
have

1
T = 5 Pu(Sn) =/ mu(d)), neN. (30)
0
If u[{0}] > 0, then

pu(Sn) = p[{0}nesssup(=X1) + (1 — p[{0}))nEp[—X]



and
lim (7, — Ep[—X1]) = p[{0}](esssup(—X1) — Ep[-X1]) > 0,

nloo

i.e., the desired convergence of 7, to the “fair premium” Ep[—X;] does not take place.
From now on we only consider the case where p is concentrated on (0, 1]. In addition we impose
the integrability condition

/0 log (%) w(dX) < oc. (31)

Condition guarantees that p, is finite on the Orlicz space L"(P), where h is the convex
function defined in ([17):

Lemma 3.1. Condition holds if and only if
1
L)) <, (32)
/m,u A= (3)
where (h*)~1 denotes the inverse function of h* in (@, and
1 1
AN < / log (1) u(d\) + 1. (33)
/<o,11 A (5) o )
In this case p,(X) is finite for any X € L"(P) and satisfies
pu(X)] < 2||X / —L—u(dN). 34
< 2500 || Sty wy (39
Proof. 1. For any choice of a quantile function ¢x for X we have
1 A
0 < [ 4 [ VaRa (0] da )
0 0
1 1
= [ 4] lax(@) @) dauin)

Young’s inequality applied to the inner integral together with formula yields

1
pu(01 < [ %2l wl)
0 )

1
=2|| X —L —u(d)N),
Il Sty

since the Orlicz norm ||gx||n with respect to Lebesgue measure on (0,1) coincides with the Orlicz
norm || X ||, with respect to P.

2. It remains to show the equivalence of conditions and . Let us denote by g := (h*)~!
the inverse function of h*. Both integrands are bounded on (e, 1] for any ¢ > 0. Since

h* (1021) =z+1-;(loglogz +1) <z

for z > e, we get
1
log x

g(x)

x

Y

for x > e, hence

log (3) = - é) (35)

oo



for A < e~'. This implies (33), since

-1

e 1
/ — 5 m(d) g/ log (5) n(d\) + ;& g/ log (3) m(dA) + 1.
(0,1] /\Q(A) 0 0
In particular, follows from .

Conversely, for any § > 0 we have

W () 2 @(1-9),
and hence g(z(1 — §)) < z(logx)~! for large enough x. This amounts to

iy 2 -9 (})

for A < A(6), and so implies (31)). O
Remark 3.2. Assumption[3.]] ensures that the aggregate positions S,, belong to the Orlicz heart
M" .= {X € L"(P)|Ep[h(a|X])] < 0o for all « > 0} C L"(P)

with respect to the Young function h in , and so the capital requirements p,,(Sy,) are well defined
and finite due to . For a systematic discussion of risk measures on Orlicz hearts and of their
dual representations we refer to Cheridito & Li [2][3].

Remark 3.3. For a standard normal random variable Z we have
pu(2) = /( | Ko@) )

due to @) Thus the estimates and show that condition implies

o

We are now ready to identify the rate of decay of the risk premium 7, ,, — Ep[—X1].

>|=

P(@ (X)) p(dN) < oo,

>

Theorem 3.1. Under condition , the premia m, , converge to the fair premium Ep[—Xi],
and the decay of the risk premium m, ,, — Ep[X;] is described by

lim /(e — Ep[-X,]) = op /( I CRCIIIOY (36)

nToo
Proof. 1. In view of and we have

Vi(um — Ep|-X1]) = op ( ]AVaRA(S;;)u(dA). (37)
0,1

It is thus enough to show that f(o 1 AVaR ) (S?) p(dN) converges to f(o 1 AVaR(Z) pu(dX), where
Z is standard normally distributed. Denoting by ¢, any quantile function of S}, we obtain the
estimate

| / AVaR, (S2) u(d) — / AVaR, (Z) p(dN)] < / | AVaR, (S7) — AVaRx (Z)] (dN)
0 0 0
1 A
- / 1 / (@) + () do] p(dN)
<[4 [ o) = @1 0) da ).



Applying Young’s inequality to the interior integral, we see that

1
/ |4 () = @71 (@) [1(o,x (@) dov <2[gn = D7 |10, lln-
0

=2[lgn — @7 ||h—1~s
lgn ”h(h*)*l(%)
where (h*)™! denotes the inverse function of h*. But this translates into the estimate
1 1
[ AvaRasi) @) — [ AVaRA @ < 2~ 07 [ St e 69
0

1
0 (0,1] A7) 715

Step 2 of this proof will show that lim, oo |g, —® ||, = 0. Combined with Lemma this yields

noo

1 1

lim | / AVaRx(S?) u(d)) — / AVaRy (Z) u(d\)]| = 0,
0 0

hence

liTrn Vn(m, . — Epl—X1]) =op liTm AVaR\(S}) p(dN)

=op AVaR ) (Z) p(dX)
(0,1]

—op /(  Fe@T ) ).

2. Let us check that lim,, o [[gn — ®71||5 = 0. For this purpose, it is enough to show that
1 -1
lim ePlan(e)=®= (@)l go = 1 (39)
n|oo 0

for any 8 > 0. Indeed, this implies
1 -1
/ (Plan(@ =27 @] _ 1) g < 1
0

for all n > ng(B), hence ||g, — @75 < % for n > ng(B).

To verify for given 8 > 0, note that f,(a) := elan(@=27"() converges to 1 for all
a € (0,1), due to . Step 3 shows that the sequence f,, n € N, also satisfies

1
sup/ (fn(@)Pda < oo forp>1, (40)
neN Jo

and is thus uniformly integrable with respect to Lebesgue measure on (0,1). Using Lebesgue’s
convergence theorem, we obtain .
3. It remains to verify (40). Indeed, applying Hélder’s inequality we get

1 1
/(fn(a))pdag/ ePBlan ()] pBI2 ()] g,
0

0

1 1
S(/ e2PBlan (o) da)%(/ e2pB127 (o) doz)%
0 0

= (Eple"SH)2 (Bple71 7))

10



for v := 2pfB > 0 and for a standard normally distributed random variable Z. In order to verify
that Ep[e71%]] stays bounded for all n € N, we may assume Ep[X;] = 0 so that S} = —2—S

T Vnop ST
Assumption [3.1] ensures that both Ep[e?*X1] and Ep[e~7X1] are finite. The function
Z(\) :=log Ep[e*]

is smooth and satisfies
Z(\) = 1X%0} +o(N?).

Thus

ol
. S,
log Eple”®n] = log Ep[eVror™"] = nZ(-)
converges to %72 and hence stays bounded. Applying the same argument to —X; instead of X7,
we see that

Eple"'Sul] < Ep[e?®] 4 Eple 7]

is bounded. We have thus shown , and this completes the proof. O

3.3 The coherent case

We are now going to consider the case of a general law-invariant coherent risk measure. Such a
risk measure is of the form

pm(X) :fél}&/o AVaR (X) p(dX) (41)

for some subclass M of the class M ((0, 1]) of probability measures on (0, 1]; cf., e. g., [10], Theorem
4.62 and Remark 4.64. In this case the premium maq, = %pM(Sn) computed in terms of pag
takes the form
1
TMpn = SUP Ty, = SUD / 7 u(d\), neN.

peEM peEMJ0
The following theorem describes the decay of the risk premium 7w, — Ep[—X;] for a class M of
mixing measures such that

SSEA log (§) w(dA) < oo. (42)

Remark 3.4. The estimate mmplies

1
1 1

sup/ /Ld)\gsup/logfud)\ + 1.
01 X (3) ) 0 () )

neEM pneM

Thus condition @) guarantees that the left-hand side is finite, and it follows as in Remark
that

sup P(®1 (V) p(dA) < oo,

neM J(0,1]

>

Theorem 3.2. Under condition @ the premia maq,, converge to the fair premium Ep|—Xi],
and the decay of the risk premia wpm , — Ep[—X1] is described by

P(D7H(N)) pu(d). (43)

>|=

lim \/ﬁ<7r./\/l,n — Ep[—Xﬂ) = Op Sup /
nloo neM J(0,1]

11



Proof. Since T, = SUp,e g Tpon, the identity yields
Vn(Tmn — Ep[—Xi1]) = op sup / AVaR(S¥) pu(dN),
nEM J(0,1]

and so the claim follows if we can prove the uniform convergence
1

1
lim sup | [ AVaRa(S%) p(d)) — / AVaRy (Z) p(dN)] = 0, (44)
ntoo uem Jo 0

where Z is a standard normally distributed random variable. Indeed, the estimate yields
1 1
sup | [ AVaRA(S]) u(d) — [ AVaRA(2) (V)| < 20 = @ M sup [ L p(an).
pem Jo 0 nem J o) AE) 71 (3)
By Remark [3.4] the last term is bounded, and

lim [|g, — " ||» =0,

ntToo
as shown in step 2 in the proof of Theorem This implies , and in view of AVaR)(Z) =
1o(®71(X)) we have verified . O

We denote by ¢, the function on (0, 1) associated to p € M1((0,1]) via
0= [ dats)

Corollary 3.1. For a law-invariant coherent risk measure paq, defined by for a class M C
M;((0,1]), the convergence in holds if

sup qu(t)log g, (t) dt < oo. (45)
neEM J(0,1]

Proof. We verify that implies condition . Indeed, in analogy to the proof of Lemma

we obtain . .
[ 108 ) @) = [ 108 () au1 — 0yt -1
0 0

and so condition (42)) is equivalent to

1
sup log (1) qu(1 —t)dt < oo. (46)
peEMJ0

Applying Young’s inequality for the uniform distribution on [0, 1] and for the functions h and
h* in and , we see that
1

sup [ log (}) qu(1 —t)dt < 2| log (1) [ln sup |lgu
peMJo pneM

h*-

Here || log (%) |5 is finite due to Remark since

1 1 1
/e(“"g(t)dt:/ = dt < 0o
0 0

for any a € (0, 1). Finiteness of sup,,e o [|gu || n+ follows from condition and inequality . O
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3.4 The convex case
Recall from the Introduction that any law-invariant convex risk measure p has the form

p(X) = sup { AVaRA(X)u(dA)—ﬂ(u)}, (47)
neMi(0,1) | 0.1

where the penalty function 3 on M;j((0,1]) is given by
B(p) = sup AVaR,\ (X)) pu(dA);
XeA, J(0,1]
cf., e.g., [10], Theorem 4.62. Let us define
M, = {p € My((0,1])|B(n) < oo}

Under the condition

sup / log (§) w(dX) < oo, (48)
neM, J(0,1]

the risk measure p has a natural extension from L>(P) to the Orlicz space L"(P), with
Ip(X)] < 2[[X|[n sup ——L75 p(dN);
nem, Jo A7 (%)

cf. Lemma [3.1] and Remark 3.4
In addition we are going to assume the condition

sup (k) < oo, (49)
HEM,

This condition is clearly satisfied in the coherent case, since then we have 3 = 0 on M. In the
convex case it holds if for any acceptable position X € 4, the Orlicz norm of its negative part
X~ :=max{—X,0} does not exceed a given threshold:

Lemma 3.2. Condition @) is satisfied if, in addition to (@,

sup [[X7[[n < oo (50)
X€eA,

Proof. We have

/ AVaR ) (X) u(d)) < AVaR(—X7) u(d))
(0,1] (0,1]

<X s [ ()
pem, Joa A0 (%)

by , and so we get

sup 80 <2 sup X[ swp [ (@ < o,
HEM, XeA, peM, J(,1] Ah*) (;)

using our assumptions and and Remark O

Under conditions and we are now going to show that the asymptotics for p coincides
with the asymptotics for the coherent risk measure corresponding to the class M, via @

13



Theorem 3.3. Consider a convex risk measure p of the form which satisfies conditions (@
and (@) Then the premia m, := %p(Sn) converge to the fair premium Ep[—X1], and

P(P7H(N)) p(dN). (51)

>|=

tiw vi(m, ~ Ep{-Xi]) =ap sup [
nfoo neM, J(0,1]

Proof. In order to verify (51]), consider the coherent risk measure

p(X) := sup AVaR )\ (X) p(dN) (52)
neM, J(0,1]
and denote by 7, = % p(Sn), n € N, the corresponding capital requirements per position. Note

that p > p, hence 7, > m,. Thus we have
V(ft, — Ep[—=Xi1]) 2vn(m, — Ep[-Xi])

= sup |op AVaR (S) p(dX) — %
HEM, (0,1]

>V/n(ftn — Ep[—X1]) — &= sup B(p)-

This shows that the asymptotic behavior of the premia m, defined by p is the same as for the
premia 7,, defined by the coherent risk measure p, and so the result follows from Theorem O

Remark 3.5. As pointed out in the Introduction, the premia m, induced by the convex entropic
risk measure e~ in (@ do not decrease to the fair premium. In fact, e, does not satisfy conditions
(@) and @) But it does satisfy condition @) Indeed, if X is acceptable for e, then e, (X) <0,
hence Ep[e=7X] <1 and

Ep[e™ | < Eple ;X <0]+1<2,
and this implies || X || < %
4 Examples

4.1 Concave distortions and Wang’s example

Let us now check how condition translates into the alternative characterization of the risk
measures

plt(X) = ©.1] AV&R)\(X) M(dAL ne Ml((07 1])7 (53)

in terms of concave distortions. More precisely, let p be defined as the Choquet integral
p(X) = [(-) dey (54)

0 %)
:/ (cy(—X >z)—1)dx +/ cy(—X >x)dx
0

— 00

with respect to the submodular set function

cy[A] = p(P[A]),

where 1 is an increasing and concave function on [0,1] with (0) = 0 and (1) = 1, cf. [10],
Section 4.6. A coherent risk measure is of the form with some probability measure p on (0, 1]
if and only if it is of the form , and the corresponding concave distortion v is determined by

Wt = /(t o, 0<i< (55)

14



cf., e.g., [10], Theorem 4.70 and Corollary 4.77.

Lemma 4.1. The probability measure p in satisfies our integrability condition if and
only if the corresponding distortion function ¥ in satisfies the condition

/0 log (1) ¢/, (£) dt < oo. (56)

Proof. Since
A
Mog@):/ log (1) dt — A,
0

the equivalence of the two conditions follows immediately by applying Fubini’s theorem:

/ollog(,l\) p(dA) =/01 1/:10g (1) dt p(dn) — 1
= [y [ hnana

1
:/0 log (1) !, (t) dt — 1.
O

Let us now consider the class of concave distortion functions {i|A > 0} defined by 1 (0) =0

and )
 p(@ (N
() =

cf. Wang [19]. As before we denote by ¢ and ® the density and the distribution function of the
standard normal distribution.

Proposition 4.1. For any A\ > 0, condition (@) is satisfied for the concave distortion functions
¥y, and so the convergence in @ holds for the mixing measure y corresponding to ¥y via .

Proof. For A =0 we get ¥o(z) =z and p = 1, hence
p(X) = AVaR,(X) = Ep[—X].

In particular, we have ¢(0+) = 1, and condition is clearly satisfied.
For A > 0 we have ¢} (04) = co. Using the change of variables t = ®(x) we get

/Ollog(i)w;(t)dtg/Olt—éw;(t)dt:/

—00

oo

@(x)_%gp(x + ) dz,

and applying the standard estimate ®(z) > (Jz|+ ﬁ)_lgo(x) on (—oo, ¢] for any ¢ < 0, we see that
the right-hand side is finite. O

4.2 Coherent and truncated versions of the entropic risk measure

As we have seen in the Introduction, the capital requirements specified by a convex entropic risk
measure e., defined by for v > 0, do not have the desired behavior as the portfolio becomes
large. We have also seen in that the situation is different for the coherent entropic risk measures
pc defined by
pe(X) = sup  Eg[-X] (57)
Q:H(Q|P)<c
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for ¢ > 0; cf. [8], Corollary 4.1. We are now going to explain how our results in [§] fit into the
framework of Section [3] To this end, we first derive the representation of p. in terms of mixtures
of AVaR. As before, we denote by g, the function on (0, 1) associated to p € M;((0,1]) via

au(t) = /(  Lulds) (58)

Proposition 4.2. The entropic risk measure p. satisfies

pe(X) = sup / AVaR (X) p(d)), (59)
neEM:JO

where the class of mizing measures M, is given by

M= (€ Mi(O.1])] [ gu0)1ozg, (a1 < ).

Proof. By [10], Lemma 4.60, we obtain

pe(X)= sup  Ep[-Xepg]
Q:H(Q|P)<c
1
~ sw / 0 x (Dpq (t) dt, (60)
Q:H(Q|P)<cJO

where ¢q is the density of @ with respect to P, and where ¢_x, q,, denote quantile functions of
—X resp. ¢g under P. As in the proof of Theorem 4.62 in [I0] we can write

1 1
/ dx (g, (1) di = / AVaR, (X) p(dN), (61)
0 0

where 4 is the probability measure on (0, 1] such that the function ¢, in coincides a.e. on
(0,1) with g,,. Moreover, the condition H(Q|P) < c translates into

1 1
/0 qu(t)log g, (t) dt = /O Qg () 10g gy, (t) dt = Ep[pqlog pg] = H(Q|P) < c.

Thus we have u € M., and this yields “<” in equation .

Conversely, let 1 € M, be given. In that case, the function g, can be seen as a quantile function
of the density ¢ := ¢,(U) of a measure Q € M;(P) satisfying H(Q|P) < ¢, where U has a uniform
distribution on (0,1). In view of and this completes the proof of (59). O

Proposition 4.1 in [§] shows that the premia 7 a4, , computed in terms of the coherent entropic
risk measure p, satisfy
hTHl \/’E(ﬂ'an - Ep[—Xl]) = O'p\/ZC,
nijoo

using explicit computations for exponential families. The following proposition derives the same
result as a special case of Theorem and it gives an alternative description of the factor v/2c.

Proposition 4.3. The class M. satisfies our integrability condition (@ Thus
1
lim vn(mpm, n — Ep[—X1]) = op sup / %ap(@_l()\)) w(dX), (62)
nloo pneM.: Jo

and the rTight-hand side coincides with opv/2c.
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Proof. The proof of Corollary shows that M, satisfies condition , and so Theorem [3.2
implies . It remains to show that

sup [ Lo@ () p(a@r) = Ve (63)

HEM.

For this purpose, note that

1 1 A
| ke@ onuan = [ [ @70 - aydapan
0 0

o1 —a)/ L y(dN) da

o~ (a)gu(@) da

o— — — —

1
o (a) v(da),

where the first identity follows from combined with —®~(a) = ®71(1 — a), and where v
denotes the probability measure on [0, 1] defined by the Radon-Nikodym density g, with respect
to the Lebesgue measure on [0, 1], denoted by A ;7. The condition

1
| @) toga(@)da <
0
translates into the constraint
H(v|Ajo,) <c

for the relative entropy of v with respect to Ag1;. The computation of the left-hand side in
thus amounts to maximizing the expectation of ®~! with respect to all v such that H(v|A\p1) <ec
This is a standard problem, and the solution v* is given by the Radon-Nikodym density

1
e’gcp_l(/ B2 (@) doz)*1
0

with respect to A1), with 8 > 0 such that H(v*|\jo,1)) = ¢; cf., e.g., [§], Proposition 3.1. Thus
we have

s | de@ onu@ = [ o7 e) v (aa)
- 1(35@*1(04) o)t e )eB2 (@) g
(f do) [ o) d

:(/00 Pt o(x) dr) ™t /OO zeP%p(z) dx

— 00 — 00

> 1
:/ xeﬂm_i[}Q@(az) dx

— 00

=0, (64)

where we have used the substitution = ®~!(«) in the third line. On the other hand, H(v*|Aj 1)) =
132 and so the condition H(v*|Ajo,1)) = c implies 3 = V2¢. In view of we have thus shown
O

(&)
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As our last example, we consider a truncated version of the convex entropic risk measure e,

defined in .

Definition 4.1. For parameters v > 0 and c > 0, we define the truncated entropic risk measure

ey by
' e o(X)i= s {Fol-X] - LH(@QIP)}. (65)
Q:H(Q|P)<c

Clearly, e . is a convex risk measure such that

ey,¢(X) < min{pc(X), e4(X)}.

Consider now a position X with finite exponential moments and variance o%(X) > 0. Let
{Qx,3|0 € R} be the exponential family defined by —X and P, i.e., Qx g is given by the density

o OX—~2(8)
with Z(3) := log Eple #X]. If p(X) := P[X = essinf X] > 0, then we include as limiting case
the measure Qx oo := limgree Qx5 = P[|X = essinf X]. Note that the expectations Eq, ,[—X]

only depend on the distribution of X under P. For a € (0, —logp(X)), let B(a) denote the unique
parameter § > 0 such that H(Qx g|P) = a, and define 3(a) := oo for a > —log p(X).

Lemma 4.2. For X as above, the supremum in @) is attained by the measure Qx ynp(c)- In
particular, the convex risk measure e . is law-invariant.

Proof. 1. Let us first consider the case ¢ < ¢* := —logp(X). For a given value H(Q|P) =a < ¢
we then have

= H(Q|P) = H(Q|Q@x () + Eq[-B(a)X] — Z(B(a)),
hence
Eql-X] < 5 (a+ Z(8(@)) = Eqy y) [~ X

The computation of e, (X) is thus reduced to maximizing the function
fa) :==m(B(a)) = 5

on the interval [0, c]. Here we denote by m(() the expectation and by o%(3) the variance of —X
under Qx . Since m(3) = Z'(3), m'(8) = o*(3), and H(Qx | P) = fm(B) — Z(3), we get

H(Qx.p|P) = Bo*(B),

hence
1 =2 H(Qx,pa)P) = Bla)o®(B(a)) B (a).
This implies

F'(@) = giy — -
The maximum of f over [0, ] is therefore attained in a(y) := H(Qx ,|P) if v < 8(c), and in ¢ if
~v > B(c). The corresponding maximizing measure @ in is thus given by Qx yrg(c)-
2. If p(X) > 0, then the limiting measure Qx . satisfies H(Qx o|P) = ¢* and Eq, [-X] =
esssup(—X). Note that p(X) > 0 implies esssup(—X) < oo, since X is integrable. For ¢ > ¢*, we
thus obtain

sup  {Eq[-X] — JH(QIP)} = esssup(—X) — <,
Q:H(Q|P)€E|[c*,c)

where the maximum is attained for Q)x . In view of step 1 this implies

eyo(X) =max{ sup f(a),esssup(—X) — %}
a€l0,c*)
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Since limge+ G(a) = oo, we have

lim f(a) = lim (m(ﬁ(a)) - %) = esssup(—X) — %7

alc* ale*

and step 1 shows that the maximum of f over [0,c¢*) is attained in a(y) := H(Qx,|P). This
completes the proof. [

The asymptotic behavior of the premia

Ty,en = %GMC(Sn)
now follows immediately from Theorem [3.3] and Proposition .3}

Corollary 4.1. The premia 7. . induced by the truncated entropic risk measure e, . converge to
the fair premium Ep|—X;], and

lim V(.. — Ep[=Xi]) = opV2e, (66)

Proof. The assumptions of Theorem [3.3] are clearly satisfied, and the coherent risk measure asso-
ciated to ey . via is the coherent entropic risk measure p. in . Thus (66) follows from (51))
and Proposition [.3] O

5 Beyond law-invariance

Let us now consider a situation of model ambiguity where P is replaced by a whole class P of
probability measures on (€2, F). As in [§] we will assume that all measures P € P are equivalent
to some reference measure R on (2, F), and that the family of densities

(I)'p = {%|P S P}
is convex and weakly compact in L'(R). Throughout this section, the subscript P indicates the

dependence on a specific measure P € P. In particular, we use the notation

pp.m(X) == sup AVaRp (X)) p(dX)
uemJ(0,1]

for a law-invariant coherent risk measure with respect to P € P specified the subset M C
M;1((0,1]). In the face of model ambiguity, we consider the robust version of pp ¢ defined by

pp.m(X) := sup ppm(X) = sup sup AVaRp »(X) p(d)).
PeP PeP peM J(0,1]

Clearly, pp a1 is again a coherent risk measure. Specific examples are the robust Average Value at
Risk defined by

AVaRp 5 (X) := sup AVaRp »(X)
pepP

for A € (0,1], and the robust extension pp . of the coherent entropic risk measure given by

pp.c(X) = sup pp(X) = sup Eq[-X]
PeP QeMy:infpep H(Q‘P)SC

for parameters ¢ > 0; cf. [§], Section 5.
In this section we look at the behavior of the robust premia

TP M = 2 pp ().

For this purpose, we introduce the following assumption:
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Assumption 5.1. We assume that the random variables X1, Xo, ... are i.i.d. under any P € P,
that the exponential moments of Xy are bounded uniformly in P € P, i.e.,

sup Eple®™il] < 0o for any a > 0, (67)
PeP

and that the variances 0% of X1 under P satisfy
inf 0. 68
T > (0%)
For the class of mixing measures M we impose the integrability condition
sup log (5) p(dA) < oo. (69)
neM J(0,1]

Remark 5.1. Only the distribution of Xi is subject to model ambiguity, since we retain the
structural i. 1. d. assumption for any P € P. Here again, the i.1. d. assumption could be replaced
by weaker conditions of homogeneity and weak dependence, as pointed out in Remark[3.1}

The following theorem yields an upper bound for the asymptotics of the robustified risk premia

TP, M,n — SUppep Ep[—X1] as the portfolio becomes large. As to a lower bound, see Remark
below.

Theorem 5.1. We have

lim mp aq,n = sup Ep[—X4],
nloo Pep

and the decay of the risk premia satisfies

P(@7H(N)) pldN). (70)

>

lim /n(7p mn — sup Ep[—X1]) < sup op sup /
nfoo Pep PeP  pemMJ(0,1]

Proof. 1. In order to verify (70)), we use the estimate

V(mp, mn — sup Ep[=Xi1]) < sup v/n(3ppm(Sn) — Ep[—X1])
PeP pep

= sup ((TP sup AVaRpA(Sp.,) /L(d)\))

PecP neEM J(0,1]
<sup op - sup sup AVaRp A (Sp.,,) p(dA)
PEP PeP ueM J(0,1] ’

in terms of the P-standardized random variables

i — Sp—nEp[Xi]
Pn Vnop

Thus follows if we can prove the uniform convergence

lim sup sup | AVaRp(Sp,) u(dA) — AVaRp(Zp) p(dA)| =0, (71)
nloo peP ueM J(0,1] ' (0,1]

where Zp is standard normally distributed under P € P. Indeed, denoting by ¢p,, any quantile
function of Sp,, with respect to P, the inequality yields

sup sup | AVaRp A (Sp.,) pu(dA) — / AVaRp A (Zp) p(dN)|
PeP peM J(0,1] (0,1]

<2sup |lgp,n — oY, sup / —L ——u(d)\).
PEPH | peM J(0,1] /\(h*)‘l(%) (@)
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By condition and Lemma the last term at the right-hand side is finite. In the second step
of this proof we are going to show that

lim sup [|[gpn — @7 n = 0. (72)
nfeo pep

This implies , and we have thus verified the upper bound for the rate of decay.
2. In order to check , it suffices to show that

1
lim sup/ Plarn (@)=~ ()] g, <1 (73)
nfoo pepP Jo

for all 5 > 0, in analogy to the proof of Theorem [3.1} In part 3 we are going to show that for all
€,0 > 0 there exists ng(e, §) such that

sup  sup  |gpa(a) -7 (a)| <€ (74)
PEP §<a<l—6

for all n > ng(e,d). Using for given ¢, > 0 and applying Cauchy-Schwarz, we obtain the
estimate

1 1
Sup/ Blar (@)=~ ()] 4, Seﬁe+sup/ Plarn (@Bl @l oo (a) da
PeP Jo PeP Jo

1 1 9 . 1
Seﬁe+sup(/ €2ﬁ|qp,n(a)\da)§(2/ (260197 @) 403
PcP Jo 0

.l J - 1
<eP 4 (sup sup Ep[e2mSP’n‘])§(2/ 28127 (@) da)2
neN PEP 0

for all n > ng(e,0). As shown in part 4, the first factor is finite. For any a > 1, we can therefore
choose constants €,d > 0 such that the right-hand side is less than a for all n > ng(e,d). But this
translates into (73)).

3. Under our assumptions @ and the Berry-Esseen theorem applies and yields uniform
convergence of the distribution functions Fp,, of S;;’n to the standard normal distribution function
®. More precisely,

sup | Fp o () — ()| < -& 22500

- n UP
z€R
with some constant C. In view of and , the bound
c 37/ 3y—1
Va S Ep[|X1")(jnf op) ™" < co.

is valid uniformly for all P € P. It is now easy to check that the corresponding quantile functions
qp.n converge to ®~! uniformly on each interval [§,1 — §] and uniformly in P € P, i.e., we obtain

(7).

4. It remains to show that

sup sup Ep[e®!%Pnl] < 0o for any a > 0.

neN PeP
Indeed, condition @ ensures that both suppcp Eple®X] and suppep Eple”*¥1] are finite for
any a > 0, and we may assume without loss of generality that Ep[X;] = 0 for any P € P. Then
the functions Zp(\) := log Ep[e**1], A > 0, are smooth and satisfy

Zp(\) = Zp(0) + Zp(0)A + 3 Z5(NN® = §Z5(AN?
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for some A € [0, \]. Since Ep[ej‘xl] > APPI=Xa] = 1 we see that
ZE () <BpleM X (Epl* )
. 1 1
<(Bp[e?*])2 (Ep[X{])2

1
< sup (Bp[e? X Ep[XH)2 =: (),
PeP

and this implies suppcp Zp(A) < 3A%¢(A) for the increasing function c. Thus we have

Sn
sup log Eple” V] = n sup Zp(-%) < La?c(-2).
PeP ol ] PeP P(Jw) e

For fixed a > 0, the right-hand side decreases to a finite limit as n tends to oo, and this yields a
bound which is uniform in n. Applying the same argument also to — X7, we finally obtain that

alS*]| a( inf Jp)’lsf\/l —a( inf ap)’lsf\/i
sup Ep[e®”n!] < sup Eple PeP "]+ sup Eple PeP "]
PP PP PP
remains bounded uniformly in n, and this completes the proof of Theorem O]
Remark 5.2. Suppose that
sup Ep[—X,| = Ep-[—X1] (75)

peP
for some P* € P. Then we have

P(27H(N)) u(dN)

>|=

lim /n(mp pm,n — sup Ep[=X1]) >0p- sup /
nToo PeP neM J(0,1]

> inf o sup/ L@ (A d)).
pror s [ Se@ )@y

Indeed, since Tp pq,n > %pp*vM(Sn), we obtain

V(mp pmm — sup Ep[—X1]) > V(£ pp+ m(Sn) — Ep«[—X1]),
PeP

and so the lower bound for the rate of decay follows immediately from Theorem[3.9. Note that, due
to our compactness assumption on P, condition does hold if X, is bounded.
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