THE HIMM EQUATION WITH REAL-WORLD DYNAMICS
DRIVEN BY WIENER PROCESSES AND POISSON RANDOM
MEASURES

STEFAN TAPPE

ABsTRACT. We present a general framework of interest rate models driven
by Wiener processes and Poisson random measures. Using as numéraire the
growth optimal portfolio, we model the interest rate term structure under the
real-world probability measure, and hence, we do not need the existence of
an equivalent risk-neutral probability measure. Our investigations include the
derivation of the growth optimal portfolio dynamics, the derivation of the drift
condition, an existence proof of the corresponding term structure equation and
a characterization of positivity preserving models.

1. INTRODUCTION

The time ¢ value of a Euro at time T > t is expressed by a Zero Coupon Bond
with maturity 7. This is a contract which guarantees the holder one Euro to be
paid at the maturity date T'. The corresponding bond prices can be written as the
continuous discounting of one unit of cash

Havmp(ATﬁwmQ,

where f;(T) is the rate prevailing at time ¢ for instantaneous borrowing at time T
also called the forward rate for date T.

In the spirit of [4, 6], we model the forward rate dynamics, which are driven
by jump-diffusions, under the real-world probability measure. This is based on the
Benchmark Approach presented in [27]. More precisely, we suppose that, under the
real-world probability measure P, for every date T the forward rates f(T') follow
an Itd process of the form

df(T) = ou(T)dt + o¢(T)dWy + /B (T, x)(p(dt, dz) — F(dx)dt)
(1.1)
+ [ (ol da), e o,

with a (possibly infinite dimensional) Wiener process W and a homogeneous Poisson
random measure p. The integral | p represents the small jumps of the forward rates,
and [ pe Tepresents the large jumps. Note that (1.1) includes the original Heath-
Jarrow-Morton (HJM) framework from [21] and its extensions such as [2, 3|, [5]
and [14, 13, 9, 10, 11, 12|, which require the existence of a risk-neutral probability
measure Q ~ P.
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From a financial modeling point of view, the drift and the volatilities should be
allowed to depend on the state of the prevailing forward curve. As argued in [18],
after switching to the Musiela parametrization (see [24])

re(§) == fi(t+€), €20
this leads to a stochastic partial differential equation (SPDE)
dry = (%rt + oz(rt))dt + o(ry)dWy
A @) (u(dt, dr) — F(da)de)
+ ch ’7(”77 l‘)u(dt, d.%')
ro = ho
in the spirit of [7] (see also [29, 19]) and [25], the so-called Heath-Jarrow-Morton-
Musiela (HIMM) equation.
Our goal of this paper is to present new results concerning the HIMM equation

(1.2) with real-world dynamics which extend and generalize prior contributions to
this field. The precise objectives are the following:

(1.2)

e The growth optimal portfolio S% plays a crucial role in the Benchmark
Approach from [27]. We will show that it has the dynamics

2
dsyr = 8- Krt(o) + ||9t||2Lg(1R) + /E %F(d@)dt

)
V()
where 6 and v denote the reference market prices of risk with respect to
the Wiener process W and the Poisson random measure p. This generalizes
the dynamics that have been derived in [27, 6].
e We will show that in an arbitrage free bond market (in the spirit of [27])
the drift term in (1.1) is given by

a(T) = <Ut(T)a‘9t + /tT CTt(s)ds>Lg(1R)

(1.4) _ /nyt(T,:c) {exp ( u() — /tT fyt(s,x)ds) - I}F(d:r)
- [ e ( oo - | e z)ds>F<dx>,

where ¢ denotes the transformation

¢i(x) == —In(1 — ¢(x)),
of the reference market prices of risk with respect to the Poisson random
measure 4. This generalizes the dynamics that have been derived in [27, 4].
Moreover, with § = 1 = 0 we obtain the HJM drift conditions for interest
rate models under an assumed risk-neutral probability measure Q, which
have been derived in the aforementioned papers on HJM models.

e Under suitable regularity conditions, we will prove existence and uniqueness
of mild solutions to the HIMM equation (1.2) with real-world dynamics.
These evolutions are more general and provide more modeling freedom than
term structure models under classical risk-neutral pricing, which require
the existence of an equivalent risk-neutral probability measure Q ~ P.
Simultaneously, we relax the regularity conditions on the volatilities, which
have been assumed to be Lipschitz and bounded in [18]. This is due to a
recent result from [32], which shows that local Lipschitz and linear growth
conditions are sufficient for existence and uniqueness of mild solutions.

(1.3)
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e In practice, we are interested in term structure models producing positive
forward curve, because negative forward rates are very rarely observed.
Denoting by P the closed, convex cone of all nonnegative forward curves,
we will show that the three conditions

oI (h)(€) =0 for all (h,€) € P x Ry with h(€) =0, forall j €N,
h+~(h,z) € P forallhe P, for F-almost all z € E,
v(h,z)(§) =0 for all (h,&) € P x Ry with h(§) =0, for F-almost all z € E,

are necessary and sufficient for the positivity preserving property of the
HJMM equation (1.2). Surprisingly, these conditions do not involve the
market prices of risk 6, ¢ and resemble those from [18], which have been
derived under an assumed risk-neutral probability measure Q ~ P.

The remainder of this paper is organized as follows: In Section 2 we introduce
the general stochastic framework. In Section 3 we derive the dynamics (1.3) of
the growth optimal portfolio and in Section 4 we derive the drift condition (1.4).
In Section 5 we present our existence and uniqueness result for mild solutions to
the HIMM equation (1.2) — see Theorem 5.1 — and in Section 6 we provide our
result concerning positivity preserving models. Finally, in Section 7 we illustrate
our results by focusing on Lévy process driven interest rate models with real-world
forward rate dynamics. For the sake of lucidity, we have postponed the proof of
Theorem 5.1 to Appendix A.

2. THE STOCHASTIC FRAMEWORK

In this section, we shall present the general stochastic framework for our inves-
tigations in the forthcoming sections.

Throughout this text, let (2, F, (F¢)e>o0,P) be a filtered probability space satis-
fying the usual conditions.

Let U be a separable Hilbert space and let @ € L(U) be a nuclear, self-adjoint,
positive definite linear operator. Then, there exist an orthonormal basis (e;);en of
U and a sequence (\;);en C (0,00) with 37,y A; < oo such that

Q(ij = )\j@j for allj e N,

namely, the \; are the eigenvalues of ), and each e; is an eigenvector corresponding
to A;j. The space Uy := Q1/2(U), equipped with the inner product

(u, ), = (Q ™ ?u, @)y,

is another separable Hilbert space and (\/x e;)jen is an orthonormal basis. Let W
be an U-valued Q-Wiener process, see |7, p. 86, 87|. For another separable Hilbert
space H, we denote by LY(H) := Ly(Uy, H) the space of Hilbert-Schmidt operators
from Uy into H, which, endowed with the Hilbert-Schmidt norm

1/2
g = (S le(Renl?) . @ ez
JjeN
itself is a separable Hilbert space.

Let (E, &) be a measurable space which we assume to be a Blackwell space (see
[8, 20]). We remark that every Polish space with its Borel o-field is a Blackwell space.
Furthermore, let ;1 be a time-homogeneous Poisson random measure on R X E,
see [22, Def. 11.1.20]. Then its compensator is of the form dt ® F'(dx), where F' is a
o-finite measure on (E, £). In the sequel, B € £ denotes a set with F(B¢) < occ.
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3. THE GROWTH OPTIMAL PORTFOLIO

In this section, we will derive the dynamics (1.3) of the growth optimal portfo-
lio in a market driven by a Wiener process and a Poisson random measure. The
growth optimal portfolio is characterized as the portfolio maximizing the expected
logarithmic utility from terminal wealth. For more detailed explanations about the
growth optimal portfolio and related concepts, the reader is referred to [27], [6] and
references therein.

We consider a financial market (SY, S') consisting of the savings account S° and
one risky asset S with dynamics

(3.1) dS? = 897, (0)dt,

(3.2) ds} = S} (atdt + b dWy + / ci(x)(u(dt, dz) — F(dx)dt)
B

+/Cct(x);z(dt,dx)>,

where 7,(0) denotes the short rate and the process ¢ satisfies ¢ > —1. Important
quantities are the market price of risk processes 0 : Q x R, — L(R) and ¢ :
Q2 xRy x E — R. In our financial market, the market prices of risks are specified
as the solution (0,4) with 1) < 1 of the equation

Oy, + [ )@ F () o+ [ o)) - (o),
which we rewrite as
= rl0)+ (e By + [ el Fd) — [ o) Fids)

Inserting this equation into (3.2), we obtain the dynamics of the risky asset

- ds; = S} Kn(o) + (be, 01) g () + /E co(x ) () F(dm)) dt

+ b dWy + /

ci(x) (p(dt, dz) — F(dx)dt)] .
E

Let 6 = (6°,61) be a self-financing strategy and denote by S? the corresponding
portfolio
S0 =6089 +61S].

Incorporating (3.1) and (3.3), by the self-financing property we obtain the portfolio
dynamics

dS? = 52dS? + 6}dS}
E

+ b dW + /

ct(x) (p(dt, dz) — F(dm)dt)} .
E

It will be convenient to introduce the fraction 75 of S° that is invested in the risky
asset S'. This fraction is given by

1
7T5t'_51i
4= 0t 58
Sy
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Then we obtain the portfolio dynamics

de = Sf_ |:T‘t(0)dt + 7T57t<<<bt, 9t>Lg(]R) + / Ct(x)wt(x)F(d'r)>dt
(3.4) B
+ by dWy + / ce(x) (p(dt, dx) — F(da:)dt))} .
E
The growth optimal portfolio S* is characterized as the portfolio maximizing the
expected log-utility E[In(S?)] among all self-financing portfolios 6. In order to de-
termine the dynamics of the growth optimal portfolio, we compute the dynamics
of In(S?) for the portfolio dynamics (3.4). Applying It6’s formula we obtain

st = [0) + s (0 Oy + [ eI (@) = fd e
+ /E (In(1 + msece(z)) — Wg’tct(l'))F(dw)] dt

+ 75,0be Wy + / In(1 + 75 () (p(dt, dz) — F(dx)dt).
E

Since the growth optimal portfolio S%+ is characterized as the portfolio maximiz-

ing the expected log-utility, the fraction mg« corresponding to the growth optimal

portfolio should be chosen such that it maximizes the drift term. Differentiating the

drift term with respect to w5« and putting it equal to zero we obtain the equation

80 2gcey + | erla)n(o)Fde) = ol g

EC
ﬂé<1+;ilu)q@0me_O.

The solution (6,) to this equation is given by
T+ 1ct ()
0; = ms« +by  and r) = —"""—""—.
! ont vi(@) 1+ s pce(w)
Noting that

Y(x)

Wg*’tct("ﬂ) = ——

1 —py(x)’
by (3.4) we obtain the dynamics of the growth optimal portfolio

2
asy” = s [(mm + 16:3gx) + /E %Wﬂ)dt

+ 0,dW; + %“ﬂmwumg—Fw@ﬁﬂ,

B 1—v(z)
which are just the dynamics (1.3) stated in the introduction. This generalizes the
dynamics that have been derived in [27, 6]. Note that the dynamics (3.5) do not
depend on the choice of the drift a of the risky asset S!, which appears in (3.2).

(3.5)

4. THE DRIFT CONDITION

In this section, we derive the drift condition (1.4) for arbitrage free real-world
forward rate dynamics of the type (1.1). In the framework of the Benchmark Ap-
proach from [27], the absence of arbitrage is only subject to the existence of the
growth optimal portfolio, which has the feature that benchmarked portfolios are
nonnegative local martingales, and hence supermartingales. Using the dynamics
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(3.5) of the growth optimal portfolio, we will first compute the dynamics of the
bond prices

P(T) = Pt(T)Sf*,

and then we will derive the dynamics of the forward rates f;(T) = 78% In P,(T),
which will yield the drift condition (1.4).

Since the benchmarked bond prices P(T) = PS(ST* ) are nonnegative local martin-
gales, we assume that they have the dynamics

AB,(T) = ~B, (T) [&(T)dwt + [ Rl ulat. ) — P
E
with A < 1. Introducing the new process
[y(T,2) :==In(1 — A(T, 2)),
we can express A as
A(T,z)=1— eft(T@),
and obtain the dynamics of the benchmarked bond prices
(4.1) dP.(T) = —P,_(T) [flt(T)th + / (1 = T2 (u(dt, dx) — F(da)dt)|.
E

Furthermore, introducing the transform

oi(x) == —In(1 — e (x))

of the reference market prices of risk with respect to the Poisson random measure
u, we get the identities

Incorporating these identities into (3.5), we obtain the dynamics of the growth
optimal portfolio

ast = 52| (0 + 1By + [ () =1) (1= @) Pla) )
(4.2) P

+ 0, dWy + /

(e(b*(r) — 1) (u(dt, dz) — F(dm)dt)} .
E

Because of the dynamics (4.1) and (4.2), the covariation of P(T) and S% is given
by

dB(T), 5™, = —P,_(T) [@t(T),e»Lg(R)dt

+/ (1- eft(T’x)) (e@(z) —1)p(dt,dx)|.
E
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Therefore, by the definition of we the covariation (see [22, Def. 1.4.45]) obtain
dP,(T) = d(P,(T)S?*) = P,_(T)dSP + S2- dP,(T) + d[P(T), S°;

:Pt(T)[(rt(0)+||9t|ig(R)+ /E (e?®) —1)(1—e¢t<w>)F(dx))dt

+ 0, dW, + / (e?*™) —1)(u(dt,dx) — F(dz)dt)
E

ST, — / (1= T) (u(dt, do) — F(de)dt)
E

- <it(T)70t>Lg(]R)dt - / (1- ef"(T’z)) (e?*(®) — 1) F(da)dt
B

— / (1= T2 (5@ — 1) (u(dt, dar) —F(dm)dt)].
E

These dynamics simplify to

dP,(T) = P,_(T) Krt(o) + (61,0 — 3e(T)) Lo )

ef‘t(T@) _ 6*¢t(l’) 6¢t(l’) _ T

+/E( )( 1)F(d )>dt

+ (6 — 24(T))dW;

+ / (el (T +oe@) _ 1) (u(dt, dar) — F(dm)dt)}
E

Hence, due to the boundary condition Pr(T) =1 we obtain
0, =%4(t) and  ¢y(x) = —Ty(t, ).
Defining the new processes
Si(T) = Su(T) — by,
Do(T,x) = [4(T, ) + i (),
we thus have the boundary conditions
(4.3) 5:(t)=0 and T(t,z)=0.

Furthermore, we can express the dynamics of the bond prices as
APAT) = P (D) (1) = (00 2Ty
N / (FH(T0)=00(5) _ g=u(@)) (ce(o) _ 1) F(dx)> it
E

— S,(T)dW, + /

: (") — 1) (p(dt, da) — F(dx)dt)} .

Applying [t0’s formula, we obtain
dln P(T) = (Tt(o) — (06, 2¢(T)) Lyw)
+/ (eFH(T)=01(2) _ o=60(2)) (94=) _ 1) F(dzr)
E
1 z
IRy — [ (0 i) - 1)F<dx)>dt

— X(T)dW; + / Ty(T, x)(p(dt,dx) — F(dx)dt).
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We can express these dynamics as
4 PT) = (740) = B ST gy ~ 1Dy
- /E (eFt(T’z)*m(w) —T(T,x) — e¢t(“"))F(dac)) dt

S, ()W, + / T4(T, ) (u(dt, dz) — F(dz)dt)

Defining the new processes
0
-2y
T "
by the boundary conditions (4.3) we have

(T) and 4 (T) = —-T(T, ),

o(T) : 5T

T T
Et(T):/t o¢(s)ds and I‘,g(T,w):—/75 Vi (s, x)ds.

Therefore, the forward rates f(T) = —8% In P,(T) have the dynamics

df,(T) = [<ot(T),9t i /tT o‘t(S)d8>Lg(R)

- [rn)]eo (oo~ [ "o, s ) = 1| Pan) |t
+ oy (T)dW, + /E o(T, 2) (u(dt, d) — F(da)dt),

which we can write as

df,(T) = K(ft(T),et + /t r gt(s)ds>Lg(R)

- [ o) exw (o) - | ' (s, )ds ) = 1] Plas)
- [ e (<o - | ", s ) F(de) | at

+ oy(T)dWy + /B (T, z)(u(dt, dz) — F(dx)dt) —I—/ (T, z)p(dt, d).

c

Consequently, we arrive at real-world forward rate dynamics of the type (1.1) with
drift term being of the form (1.4), as stated in the introduction. This generalizes
the dynamics that have been derived in [27, 4]. In particular, with § = ¢ = 0 it
generalizes the various drift conditions that have been derived for risk-neutral HJM
models under an assumed risk-neutral probability measure Q ~ P

5. EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS TO THE HJMM EQUATION

In this section, we establish existence and uniqueness of mild solutions to the
HIMM equation (1.2).

We fix an arbitrary constant 8 > 0 and denote by Hg the space of all absolutely
continuous functions h : Ry — R such that

1/2
lhlls = <h(0)|2+/ |h’(as)265””d:c) < oo.
Ry

Spaces of this kind have been introduced in [15]. We also refer to [30, Sec. 4], where
some relevant properties have been summarized. The space Hpg is a separable Hilbert
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space and the shift semigroup (S¢);>0 given by S;h = h(t + @) is a Cyp-semigroup
on Hg with infinitesimal generator d/d¢ on the domain
D(d/d€) = {h € Hg : (d/d§)h € Hg}.
Let Hg be the subspace
Hg = {h € Hg: lim h(z) = O}.

Tr—r00
We fix arbitrary constants 0 < 8 < 8’ and set
1
NG
Let o : Q x Hg — Ly(Hp,), 0 : Q x Hg — Ly(R) and v : Q x Hg x E — Hjp,,
¢ : Q x Hg x E = R be measurable mappings. Note that the volatilities o, v and
the market prices of risk 6, ¢ may depend on w €  and on the current state of

the forward curve. In particular, they could also depend on some underlying factor
process. We define the sequences (07)jen and (67) ey as

ol QO x Hg — Hﬂol, ol (h) := a(h)\/Ajej,
07 :Qx Hg =R, 67(h):=0(h)\/\e;.

The following standing assumptions prevail throughout this section:

(5.1) C@ =1+

e There exist sequences (Ly)neny C Ry and (k%) ey C Ry with
Z(Kj)Z < 00
jEN
such that P-almost surely for all j,n € N and all hy,hy € Hg with
[Pl [[h2ls < m we have

(5:2) lo? (h1) = 07 (ha)llp < Lt |lhy = ha|ls,
(5.3) 107 (h1) = 07 (h2)| < Lu#?||hy — ha s,
and for all j € N and h € Hg we have

(5-4) lo? (h)llg < 574 /1+ ||l
(5:5) 167 ()] < &7\ /1 + [|R5-

e There exist a measurable mapping p: B — R} with

(5.6) / p(2)2F(dz) < oo
B
and constants M., My > 0 with M, <1 and

1
p'(B=p)
such that P-almost surely for all x € B, n € N and hy,hy € Hg with
lhall, [|h2llg < n we have

(5.7) 7 (k1 2) =y (hz, 2)llpr < Lnp()|[hn = halls,
|6(h1, @) = d(ha, ) < Lap()|[hn = halls,
and for all z € B and h € Hg we have

(5.9) Iy(hs @) llg < My In™ (p(x)4 /1 + [[Bl]5),
(5.10) |6(h, x)| < MyIn™ (p(2)y/1+[|hlls),

M, + My <1
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where In* : R; — R denotes the inverse of the strictly increasing function
exp” : Ry = Ry, x+— x-exp(Cpz).

Recall that the constant Cz > 0 was defined in (5.1).
e There exist measurable mappings 7 : B¢ — R, ¢ : B¢ — [1,00) with

(5.11) /c(l V7 (2))¢(2)(1 VIn™(¢(x)))F(dx) < oo

such that P-almost surely for all + € B¢, n € N and hy,hy € Hg with
lhall, [|h2llg < n we have

(5.12) [y (R, ) = ~(ha, 2)|[pr < L7 (@)[P1 = halls,
(5.13) |¢(h1,2) = ¢(he, x)| < Lu7(x)|[h1 — hells,
and for all z € B and h € Hg we have
(5.14) Iy (R, @)l < My In™ ((()),
(5.15) (R, x)| < My In™ (((x)),
where In™™ : [1,00) — R, denotes the inverse of the strictly increasing

function
exp™ Ry = [1,00), z— (14 2x)-exp(Cpz).
Recall that the constant Cs > 0 was defined in (5.1).
e In view of (1.4), we assume that the drift o : Q x Hg — Hg is given by
ath) = o) (670 + [ 7 (o
JEN 0

o - /B’y(h’ ?) {eXp ( = ¢(h,z) - /O S, w)(n)dn) - 1} F(dz)
_ / (hyz)exp ( — ¢(h,z) — /O. ~y(h, m)(n)dn> F(dz).

Then the HIMM equation (1.2) is a SPDE on the state space Hg. In order to
state our main result of this section, we recall that existence of mild solutions to
(1.2) holds, if for each Fy-measurable random variable hg : @ — Hpg there exists a
Hpg-valued, cadlag, adapted process r such that P-almost surely

¢ ¢
rt:Stho—F/ St_soz(rs)ds—F/ St_s0(rs)dWs
0 0
¢
+/ / St—sy(rs—, x)(p(ds, dx) — F(dz)ds)
0o /B
¢

+/ St—sy(rs—, x)u(ds,dz), t>0.
0 JBe

Furthermore, we say that existence of mild solutions to (1.2) holds, if for two mild
solutions r and 7’ with the same initial condition hy we have r = r’ up to indistin-
guishability.

5.1. Theorem. Under the previous conditions, existence and uniqueness of mild
solutions to the HIMM equation (1.2) holds.
We will provide the proof of Theorem 5.1 in Appendix A.

5.2. Remark. Note that we have relazed the regularity conditions on the volatilities
o and v, which have been assumed to be Lipschitz and bounded in [18]. Indeed,
conditions (5.4), (5.5) show that the growth of the mappings o and 6 is of order
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1+ ||hllg, and conditions (5.9), (5.10) show that for fized x € B the growth of
the mappings (e, x) and ¢(e,x) is of order In*(p(x)\/1 + ||h]/g).

6. POSITIVITY PRESERVING MODELS

In applications, we are often interested in interest rate models producing posi-
tive forward curves. In this section, we characterize those real-world forward rate
dynamics of the form (1.2) which are positivity preserving.

We start with a general result. Let o : Q@ x Hg — Hg, 0 : Qx Hg — Lg(Hg) and

v:Qx Hgx E— Hg be measurable mappings. We denote by
P:={he Hz:h>0}
the closed, convex cone of nonnegative forward curves.
6.1. Definition. The HIMM equation (1.2) is called positivity preserving, if for

each Fo-measurable random variable hy : @ — Hg with P(hg € P) = 1 there exists
a mild solution r to (1.2) with P(ry € P) =1 for all t > 0.

Extending the arguments from [18|, we obtain the following general result con-
cerning positivity preserving models.

6.2. Theorem. Suppose that (o, 0,v|p) are locally Lipschitz and satisfy the lin-
ear growth condition. Furthermore, suppose that P—almost surely we have o €
C?(Hpg; LY(Hg)) and that the mapping
QO x Hg — Hg, hr Y Do’(h)o’(h)
JEN
is locally Lipschitz. Then, the HIMM equation (1.2) is positivity preserving if and
only if we have P—almost surely

(6.1) /Bv(h,gc)(f)F(dx) < oo forall (h,§) € P xRy with h(§) =0

(6.2) a(h)(§) - /Bv(h,sc)(f)F(dx) >0 forall (h,§) € PxRy with h(§) =0

(6.3) o (h)(€) =0 for all (h,&) € P xRy with h(¢§) =0, foralljeN
(6.4) h+~(h,x)e P forallhe P, for F-almostallz € E.

Now, let 6 : Q x Hg — LY(R) and ¢ : Q@ x Hg x E — R be the market prices of
risk. We suppose that the regularity conditions for o, and ~, ¢ from Section 5 are

fulfilled and that the drift « is given by (5.16). Furthermore, suppose that P—almost
surely we have o € C*(Hp; LY(Hp,)) and that the mapping

QO x Hg — Hy, hw Y Do’(h)o’(h)
JEN
is locally Lipschitz.

6.3. Proposition. The following statements are equivalent:
(1) We have (6.1)-(6.4).
(2) We have (6.3), (6.4) and
Y(h,x)(&) =0 for all (h,§) € P x Ry with h(§) =0,

.5
(6.5) for F—almost all x € E.

Proof. Suppose that conditions (6.3), (6.4) are satisfied. We will prove the equiva-
lence (6.1), (6.2) < (6.5). By (6.4) we have

v(h,z)(€) >0 for all (h,€&) € P x Ry with h(§) =0,

(6.6) for F-almost all z € E.
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Because of (6.3) and the structure (5.16) of the drift term «, the conditions (6.1),
(6.2) are satisfied if and only if

3
- [ata@ e~ otha) — [ 2maiman) Fia) 20
for all (h,€&) € Hz x R4 with h(§) =0, for F-almost all z € E.

By (6.6), we deduce that (6.1), (6.2) < (6.5). O
6.4. Theorem. The HIMM equation (1.2) is positivity preserving if and only if we
have (6.8), (6.4), (6.5).

Proof. This is a direct consequence of Theorem 6.2 and Proposition 6.3. (]

Consequently, we have generalized the positivity result from [18] for interest rate
models with real-world forward rate dynamics. We point out that the market prices
of risk 6, ¢ do not affect the positivity preserving property.

7. LEVY PROCESS DRIVEN INTEREST RATE MODELS WITH REAL-WORLD
DYNAMICS

In this section, we illustrate our previous results by focusing on real-world in-
terest rate models driven by Lévy processes. Let X', ..., X¢ be independent Lévy
processes with Lévy-It6 decompositions

X =Wi4tYi4Zzi, j=1,....d,

where the processes Y and Z are given by
v/ = / 2(uX" (ds, dz) — Fy(dx)ds),
{lz[<1}

zZl = / x,qu (ds,dx).
{lz|>1}

Here, W7 denotes a standard Wiener process, qu denotes the random measure
associated to the jumps of X7, and F}; denotes its Lévy measure. We suppose that
the dynamics of the forward rates are of the form

d
df(T) = au(T)dt + Y (o (T)AW] + 6](T)dY] +nf(T)dz]), t € [0,T).
j=1

Note that these dynamics are of the type (1.1), where the state space of the Wiener
process W is U = R?, the mark space of the Poisson random measure y is £ = R,
the set B is given by B = {||z|| < 1}, and the volatility ~ is

(T, x) §/(T)x; for z € B,

M=

<.
Il
-

nf(T)xj for z € B°.

M=

(T, ) =

<.
Il
a
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Then, the dynamics (1.3) of the growth optimal portfolio S2* become

d
ds’ = 8% [rt(o)dt + 0/(0fdt + dwy)

j=1
d 7/15(55) j bl
+ / 73( (@) Fj(dz)dt + (p* (dt, dx) — F;(dxz)dt))
= ey L= (@)
a Xj(x) j X7
+ Z/ tij (i (@) Fj(dx)dt + (u™ (dt, dz) — Fj(dx)dt)) |,
= ey 1= xy ()
where 0',...,6% denote the reference market prices of risk with respect to the
Wiener processes W1, ..., W%, where ¢!, ..., 1® denote the reference market prices

of risk with respect to the pure jump parts of Y!,...,Y? and where ', ..., x¢
denote the reference market prices of risk with respect to the pure jump parts of
Z', ..., Z% We suppose that the latter are of the form

Ul (z) =1 —exp(—¢lz) and x| =1—exp(—¥z)

for some mappings @', ..., ¢% and 9',...,9% In the case of finitely many square-
integrable Lévy processes, such dynamics of the growth optimal portfolio have been
used in [28]. In the present situation, the drift condition (1.4) becomes

d . . T
o (T) Z;ag(:r) <9g + /t aﬂ(s)ds>
d

T
(7.1) — Z&g (T)/ x [exp ( - (go{ + 57 (s)ds) x) - 1] F;(dzx)
j=1 {lz|<1} t
d ) ) T
- Zn{(T)/ T exp ( <19§ +/ n{(s)ds)x)Fj(dx).
j=1 {l=|>1} t

Now, let us consider the corresponding Lévy process driven HJMM equation
(7.2)

{ dry = (d%rt + a(rt))dt + ijl (aj(rt)thj + 57(rt_)dYtj + nj(rt_)ng)

To = h().

As in Section 5, we fix constants 0 < § < 8’ and choose the state space Hg. We
suppose that for each j = 1,...,n there are constants NNj,e; > 0 such that

(7.3) / e*"Fj(dx) < oo for all z € I;.
{l=[>1}

Here I; denotes the interval I; = [—(1 + ¢;)N,;Cg, (1 + €¢;)N,;Cg], where we recall
that the constant Czg > 0 was defined in (5.1). We introduce the functions

P, :R—=R, ®;(2) ::/ (e*" — 1 — zx) Fj(dx),
{lel<1}

\Iij ZIj - R, \IIJ(Z) Z:/ (e”—l)F](dx)
{lz|>1}
Let o7 : QxHg — Hg,, 87 QxHg — Hg/,nj :QxHg — Hg, and 67 : Qx Hg — R,
W Qx Hy > R, ¥ :Qx Hg — R for j =1,...,d be measurable mappings. We
suppose that the following conditions are satisfied:

o The mappings 07, 67, 77 and 67, 7, ¥ for j = 1,...,d are locally Lipschitz.
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o There exists a constant K > 0 such that P-almost surely for all h € Hg we
have

(7.4) o7 (M)llgr < KA/1+|Bllg, G =1,....n,
(7.5) 67(h)] < KyJ1+lhllg, G=1,...,n.

e There exist constants Mj,...,M§ > 0 and M},...,M¢ > 0 such that
Ms <1 and

/ 1

where Ms := My + ...+ Mg and M, := M} + ...+ M, and there exists
a constant C' > 0 such that P-almost surely for all n € N and h € Hg we
have

(7.7) 167 () ]|gr < MF I (C\/1 + [|hl5),
(7.8) @7 (h)| < M2 In* (Cy/1+ |[B]5).-

e We have P-almost surely for all h € Hg the estimates
(7.9) 77 (h)|lgr < MsNT,  j=1,...,n,
(7.10) 197 (h)| < M,N7, j=1,...,n.

e In view of (7.1), we assume that the drift o : Q x Hg — Hg is given by

o) = ol (0 + [ o)
j=1 0
Y ome (- - [ sme)
j=1 0
Y- o - [Traed)
j=1 0
Before we state our main result of this section, we prepare an auxiliary result.

7.1. Lemma. For allm € Ny and N, e > 0 there exists a constant C > 0 such that

ameNT < CellteoNz for each x € Ry

Proof. Setting C' := ﬁ, for all x € R, we have

iL'meNI _ m! (EN,’E)mer _ C(ENl’)meNm < CfeeNzeNm _ C€(1+6)NZ,
(eN)™  ml m!
finishing the proof. O

Here is our existence and uniqueness result regarding the Lévy process driven
HJMM equation with real-world forward rate dynamics.

7.2. Theorem. Under the previous conditions, existence and uniqueness of mild
solutions to the Lévy process driven HIMM equation (7.2) holds.
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Proof. We will show that the conditions from Section 5 are fulfilled. Conditions
(5.2)—(5.5) are satisfied by the local Lipschitz continuity of the o7, 6/ and by (7.4),
(7.5). Note that the mappings v and ¢ are given by
d
225j(h)xj and ¢(h,x) = Zgo Jx; for x € B,
d .
:an(h)xj and ¢(h,x) 2197 Jx; for xz € B
We define the bounded, measurable mapping

d
p:B—=Ry, plz)=Y_ |l

Then, the integrability condition (5.6) is satisfied, because the measures F}; are Lévy
measures. Moreover, conditions (5.7), (5.8) are fulfilled, because the mappings &7,
¢’ are locally Lipschitz. By (7.7), for all h € Hg, x € B and j = 1,...,d we have
P-almost surely

" <||5j(h)|@ijl) _ e Wl <Cﬂll5j(h)|pflle>
M} M} M}

7 , J ’ J ’
WOl (0, e (10
M M M

< a5|C\/ 1+ (Bl < Cp(x)y/1 + [|hlls,

and therefore
167 ()| |25 < MI 0™ (Cp(a)y/1+ |[B]5),
which gives us

(R, @[5 < Z 167 (h)l e < M5 In™ (Cp(x)\/1+ |[h]l5)-

7j=1

Analogously, by using (7.8) we prove that for all h € Hg and x € B we have

P-almost surely
o(h, 2)| < MyIn™ (Cp(z)y/1+ ||hl|s),

and hence, conditions (5.9), (5.10) are fulfilled. Next, we define the measurable
mappings 7: B¢ - Ry, (: B¢ — [1,00) as

:iw and
((z) 1= exp’ (ZNW) - (14 ZNW) exp (CBZNW)

j=1
Then we have
d
In**(¢(z)) = ZNj|xj| for all x € B,
j=1
and hence, the integrability condition (5.11) is satisfied by virtue of (7.3) and
Lemma 7.1. Moreover, conditions (5.12), (5.13) are fulfilled, because the mappings
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7/, 99 are locally Lipschitz. Furthermore, by (7.9), for all h € Hg and = € B¢ we
have P-almost surely
d 4 d
Iy (g < D I (B)llgr || < M NYJa| = My In*™* (¢ (=),
j=1 j=1
showing (5.14). Analogously, by using (7.8) we prove that (5.15) is fulfilled. Con-
sequently, applying Theorem 5.1 provides the stated existence and uniqueness re-
sult. (]

7.3. Remark. Lévy process driven interest rate models as solutions of SPDEs have
been studied in [1, 16, 23, 26, 31] under a risk-neutral measure Q ~ P. As conditions
(7.4), (7.5) and (7.7), (7.8) show, the volatilities of the diffusion part and of the
small jump part do not need to bounded, and hence, we have improved the conditions
from [16] under real-world forward rate dynamics.

APPENDIX A. PROOF OF THEOREM 5.1

In this appendix, we will provide the proof of Theorem 5.1. For this purpose, we
will first recall a general existence and uniqueness result (see Theorem A.3) and
then apply it to the HIMM equation (1.2).

We fix constants 0 < 8 < £’ and denote by Hg the space of forward curves from
Section 5. Let av: Q x Hg — Hg, 0: Qx Hg — L3(Hg) and v : Q x Hg x E — Hg
be measurable mappings.

A.1. Definition. We say that the mappings (o, 0,v|p) are locally Lipschitz, if for
each n € N there is a constant L, € Ry such that P-almost surely

|a(h1) — a(h2)llg < Lnllh1 — ha|ls,
o(h1) = o(h2)||Ly(rsy < Lnllha — halls,

1/2
( [ It v(hg,@n?F(dx)) < Lullhy — halls
B
for all hi, ho € Hg with ||h1]|g, ||h2]lg < n.

A.2. Definition. We say that the mappings (o, 0,7v|B) satisfy the linear growth
condition, if there exists a constant K € Ry such that P—almost surely

lee(R)|ls < K (1 + [[Alls),
lo ()l Lg(rry) < KA+ [|Al5),

1/2
( / |v<h,x>2F<dx>) < K(1+ hlls)
forall h € Hg.

A.3. Theorem. If («,0,v|p) are locally Lipschitz and satisfy the linear growth
condition, then existence and uniqueness of mild solutions to (1.2) holds.

Proof. According to [18, Thm. 2.1] there exists another separable Hilbert space
Hp, a Co-group (Uy)ier on Hpg and continuous linear operators ¢ € L(Hg, Hp),
w € L(Hg,Hg) such that nU¢ = S, for all ¢ € Ry. Therefore, existence and
uniqueness of mild solutions to (1.2) follows from [32, Thm. 4.5]. O

In order to prove Theorem 5.1, we will show that under the standing assumptions
of Section 5 the mappings («,0,v|g) are locally Lipschitz and satisfy the linear
growth condition, which allows an application of Theorem A.3. First, we provide
some properties of the space Hg of forward curves. Proofs of the following auxiliary
results (Lemmas A.4-A.8) can be found in [15], [18] and [30].
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A.4. Lemma. For all h € Hg we have
[hllee < Callhllg,
where we recall that the constant Cg > 0 was defined in (5.1).
A5. Lemma. FEach constant function belongs to Hg, and we have
llellg = le|  for all c € R.
A.6. Lemma. We have Hg: C Hg and
Ihlls < IBllg for cach h € Hy.

A7. Lemma. For all hi,he € Hg we have m(hy,he) = hihe € Hg, and the
multiplication m : Hg x Hg — Hg is a continuous bilinear operator.

A.8. Lemma. For each h € Hg, we have Th := fo. h(n)dn € Hg, and the integral
operator I : Hﬂo, — Hg is a continuous linear operator with operator norm
1
| <y =——~.
Il p(B—p)

We will require the following auxiliary result concerning exponentials of functions
from the space of forward curves.

A.9. Lemma. The following statements are true:

(1) For each h € Hg we have exp(h) € Hpg.
(2) For all h € Hg we have the estimate

(A1) lexp(h)lls < (1+ [[hlls) exp(Callhlls)-
(3) There is a constant Kz > 0 such that for all hy,hy € Hg we have
(A.2)

[ exp(h1) — exp(he)llp < Kp(1 + [|h2l[g) exp(Cp max{||ha|s, [|h2l[s})lh1 — hal|s-

In particular, the mapping h — exp(h) is locally Lipschitz.
(4) For all h € Hg we have the estimate

(A-3) [exp(h) = 1|5 < Kps|lhlls exp(Csllhlls)-

Proof. Let h € Hg be arbitrary. The function exp(h) is again absolutely continuous
and, by Lemma A .4, for each £ € Ry we have

(A.4) lexp(h(£))] < exp([|h]loc) < exp(Cs|lAl|5)-
We deduce that
lexp(h)||3 = [ exp(h(0))|? +/ |1 (€) exp(h(€))[*ed¢

Ry
< 1+ [[7]13) exp(2Cs|1hllg) < (1 +||hll5)* exp(2Cs 1Al 5)-

Therefore, we obtain exp(h) € Hg and estimate (A.1), proving the first two state-
ments. Now, let hq, ho € Hg be arbitrary. By Lemma A .4, for all £ € R} we have

lexp(h1(§)) — exp(ha(§))] < max{exp(hi(£)), exp(ha(§))} () — ha(S)]
< max{exp([|h1loc), exp([[h2]loc) }Ih1 — halloo
< Cgmax{exp(Csllhalls), exp(Callhalls) by — halls-
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Therefore, we obtain
[ exp(h1) — exp(ha)||3

= |exp(h1(0)) — exp(ha(0))[* + / |71 (&) exp(ha(€)) — ha(€) exp(ha(€)) [P de

Ry
< |exp(h1(0)) — exp(h2(0))[?

2 / 11, () — By (©)? | exp(hn (€)) Pede

42 [ OF exp(h(€)) ~ exp(hal)) e de
Ry
< (1 + 2||h2|3)CF max{exp(2Cs|lh1|5), exp(2Cs|lhal5) HI71 — hall

+2exp(2Cs [ ha[|g) [h1 — ha |3
This gives us

[lexp(h1) — exp(ha)lls < [[h1 — hal|s

x (Cp(1+ 2[|ha||p) max{exp(Cyllhi ), exp(Csllh2]l5)} + 2exp(Cpllhalls))-
Therefore, estimate (A.2) is satisfied with K := 2(Cg + 1). Moreover, setting
hy :=h and hy := 0 in (A.2), we deduce estimate (A.3). O

The forthcoming results (Propositions A.10-A.12) are concerned with the struc-
ture of the drift term (5.16).

A.10. Proposition. Let (07)jen and (X7);en be sequences of mappings 07,57 :
Q x Hg — Hg. Suppose there exist sequences (Ly)nen C Ry and (k7)jen C Ry
with

(A.5) D (W) < o0
JjEN

such that P-almost surely for all j,n € N and hq,he € Hg with ||h1]|g, ||kl < n
we have

(A.6) lo? (h1) = o7 (h2)llg < Lut? [[h1 = hals,
(A7) 157 (h) = 27 (ha)llg < L’ ||hy = halls,

and for all j € N and h € Hg we have

(A.8) lo?(h)lls < 7 /1+ (|5,
(A.9) IZ7 (W) s < K74/1+ [IRlls.

Then, for all h € Hz we have P—almost surely
(A.10) > llo? ()= (h)]|5 < oo,
jEN
and the mapping
Oq:QXHB—)Hﬁ, Oél(h) = Zoj(h)EJ(h)
jEN

is locally Lipschitz and satisfies the linear growth condition.
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Proof. Let h € Hg be arbitrary. By Lemma A.7 and (A.8), (A.9), (A.5) we have
P-almost surely

D lo? (WS (W)lls < lImll Y llo? ()l|s1=7 (B 16

jEN JEN
< lIm| (Zw‘)?) (14 [14]}5) < oo
JEN

showing that (A.10) is satisfied, and by the triangle inequality we obtain P-almost
surely

ZJJ 27 H <ZHJJ ”57

JEN jEN

lea (s =

proving that a; satisfies the linear growth condition. Now, let n € Nand hy, ho € Hg
with ||h1]|, ||h2]lg < n be arbitrary. By Lemma A.7 and (A.6)—(A.9) we obtain P—
almost surely

e (h1) = e (ha)lls <D 107 (h1) X7 (ha) — 07 (h2) X7 (ha) |l

jJeN
< Z |07 (h1) (37 (hy) — £7(h2))]l5 + Z (a7 (h1) — 07 (h2)) S (h2)]| 5
jeN jeN
< lm|| Z |07 (h1) || 81127 (h1) — 2 (ha)||5 + [|m]] Z |67 (h1) — o7 (h2)||]|%7 (h2)| s
JEN jJEN
< ol Lo ( 00602 ) VIF s = ol
jeN

showing that o is locally Lipschitz. O

A.11. Proposition. Let v,I': Q x Hg x B — H be measurable mappings. Suppose
there exist a sequence (L )nen C Ry and a bounded, measurable mapping p : B —

(A11) /Bp(x)zF(dx) < 50

such that P-almost surely for allz € B, n € N and hq, ho € Hg with ||h1]|, ||ha]lg <
n we have

(A.12) [v(h1,x) = y(he, 2)|[g < Lnp(2)|[ha = halls;
(A.13) IT(hy, ) = T(h2,@)lls < Lup(z)|[hy — halls,
and for all x € B and h € Hg we have

(A.14) Iy (R, 2)lls < ™ (p(x)(/1+ [I7]l5),
(A.15) IT(h, z)ll5 < In" (p(2)y/1 + [[Alls)-

Then, for all h € Hg we have P-almost surely

(A.16) /B Iy () (") — 1) F(dx) < oo

and the mapping
an: Qx Hy— Hy, an(h) = / (b, ) (") — 1)F(dz)
B

is locally Lipschitz and satisfies the linear growth condition.
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Proof. By Lemma A.9 and estimates (A.13), (A.15), we have P-almost surely for
all z € B, n € N and hq, he € Hg with ||h1]|, ||h2]|g < n the estimate

eF ) — ePhass) |

< K31+ |[T(he,2)5) exp(Cp max{||T(h1, )|, [T (ha, @)1 })
X |T(hy, z) = T(ha, )|l

< Ko (1410 (Ipllaor/1 + halls) )

x exp (Comax (10" (lpllocy/1+ [alls), 10 (olloor/T+ 1Bll5)})
X Lyp(x)||hy — h2| s

Hence, there exists a sequence (K,)nen C Ry such that P-almost surely for all
x € B,n €N and hy,he € Hg with ||h1]|s, ||h2lsg < n we have

(A.17) [ ) — P25 < K p(a) || by — hallp-
By (A.14) and the inequality
In"z <z forallzeRy,

we have P-almost surely

(A.18) lv(h,2)|lg < p(z)1/1+||h|lg for all h € Hg and = € B.

Moreover, by Lemma A.9 and assumption (A.15), we obtain P—-almost surely for all
x € B and h € Hg the estimate

"™ —1]|s < Kg|IT(h,2)]|g exp(C T (h,2)]|6)

= Kgexp™([[T(h, 2)||5) < Kpp(z)y/1+ [|hl]s-

Now, let h € Hg be arbitrary. By Lemma A.7, estimates (A.18), (A.19) and the
integrability condition (A.11) we have P-almost surely

/B () (7)1 g F(dr) < [}m)] /B Iy (B, ) 5117 — 1] 5 F (der)

(A.19)

< IIszf(/}BP(x)ZF(dw))(l +[Allg) < oo,

showing that (A.16) is satisfied, and by the triangle inequality we obtain P—almost
surely

sl =) [ 2tha)er = - 1

) (el o) _ T
< /B Iy, 2)( 1)[|sF(dz),

proving that a, satisfies the linear growth condition. Now, let n € Nand hq, ho € Hp
with [|h1] g, [|h2]lg < n be arbitrary. By Lemma A.7 and estimates (A.12), (A.17),
(A.18) (A.19) we obtain P-almost surely

lea(h1) — @z (ha)]ls < /B Iy (R, @) (") = 1) =y (ho, &) ("= — 1) g F (de)
< HmII/B Iy (ha, )|glle" ") — e =2)|| 5 F(de)
+ HmH/B 1y (A1, @) = y(ha, ) |glle" "= — 1[5 F (dx)

< ImlvVI T (K + ana)( / p<x>2F<dx>) Iy — hlls.

showing that «s is locally Lipschitz. O
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A.12. Proposition. Suppose there exist a sequence (Ly)nen C Ry and measurable
mappings T : B¢ = Ry, ¢ : B¢ — [1,00) with

(A.20) / AV T(@)S(@)(1V In (¢(@)) F(dr) < o0

such that P—-almost surely for allz € B¢, n € N and hq, he € Hg with ||hi||, || h2]lg <
n we have

(A-21) lv(h1,2) = (h2, 2)lg < Ln7(x)|[h1 — halls,
(A.22) [T (h1,2) = L(he, 2)llp < Lu7(2) [ 1 — hal|s,
and for all x € B and h € Hg we have

(A.23) Iy (s 2) | < W™ (¢ (=),

(A.24) IT(h,2) ][5 < In™ (C()).

Then, for all h € Hg we have P-almost surely

(A.25) / Iy (h, )" ) | s F(dz) < oo,
BC

and the mapping
az:Qx Hg — Hg, asz(h):= / v(h, z)e" ") F(dx)

is locally Lipschitz and satisfies the linear growth condition.

Proof. By Lemma A.9 and estimates (A.24), (A.22) we have P-almost surely for
all z € B¢, n € N and hy, he € Hg with ||h1||s, [|h2]|g < n the estimate

HeF(hl,r) o eF(hQ,z)HB

< Kp(L+ [[T(h2, 2)]|p) exp(Cp max{||T'(h1, )| g, [|T(h2, z)[|5})
(A.26) X |T(hy, ) = T(h2, )|

< Kgexp™ (max{[|L'(h1, 2)|g, [T (h2, 2) | s DT (h1, ©) — T(h2, 2) |5

< KpC(a)Ln7 () [[h1 — ha.

Moreover, by Lemma A.9 and assumption (A.24), we obtain P-almost surely for all
x € B¢ and h € Hg the estimate
(A.27)

1" lg < (14 T (R, 2)l|5) exp(Cs T (R, 2)l|5) = exp™* (IIT(h, 2)]) < ((x).

Now, let h € Hg be arbitrary. By Lemma A.7, estimates (A.23), (A.27) and the
integrability condition (A.20), we have P-almost surely

/B Iy (h, 2)e" ) | s F(d) < ||m] /B (s ) [l e" ) | 5 F ()

< | /B Ca) ™ (¢(2)) F(dz) < oo,

showing that (A.25) is satisfied, and by the triangle inequality we obtain P-almost
surely

ol = [ Athn)er 0 r(as)

< / Iy (hy 2)eX 9 |5 F (),
B Be

proving that as satisfies the linear growth condition. Now, let n € Nand hy, ho € Hg
with [|h1] g, [|h2]lg < n be arbitrary. By Lemma A.7 and estimates (A.21), (A.23),
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(A.26), (A.27) we obtain P-almost surely

les(h1) — as(ha)l|s S/B Iy (B )el M) — 5 (ha, 2)et "2 | 5 F(da)
< Hm”/B Iy(ha, @) gm0 — M2 s F(dx)
+ IImH/B Iy (h1, ) =5 (ho, @) glle™ "> | s F (de)

<o [ @)1+ K5 (c(a) Fido) ) —

which by (A.20) shows that a3 is locally Lipschitz. O

Now, we suppose that the regularity conditions for o,6 and +y, ¢ from Section 5
are fulfilled and that the drift « is given by (5.16). Combining the previous results
shows that (a, 0,7|p) are locally Lipschitz and satisfy the linear growth condition.
Consequently, applying Theorem A.3 constitutes the proof of Theorem 5.1.
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