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ABSTRACT. By means of an original approach, called “method of the moving
frame”, we establish existence, uniqueness and stability results for mild and
weak solutions of stochastic partial differential equations (SPDEs) with path
dependent coefficients driven by an infinite dimensional Wiener process and
a compensated Poisson random measure. Our approach is based on a time-
dependent coordinate transform, which reduces a wide class of SPDEs to a class
of simpler SDE problems. We try to present the most general results, which we
can obtain in our setting, within a self-contained framework to demonstrate
our approach in all details. Also several numerical approaches to SPDEs in the
spirit of this setting are presented.
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1. INTRODUCTION

Stochastic partial differential equations (SPDEs) are usually considered as sto-
chastic perturbations of partial differential equations (PDEs). More precisely, let
H be a Hilbert space and A the generator of a strongly continuous semigroup S on
H, then

% =Ari+a(ry), rmo€H
describes a (semi-linear) PDE on the Hilbert space of states H with linear generator
A and (non-linear) term « : H — H. Solutions are usually defined in the mild or
weak sense. A stochastic perturbation of this (semi-linear) PDE is given through
a driving noise and (volatility) vector fields, for instance one can choose a one-
dimensional Brownian motion W and ¢ : H — H and consider

dry = (Ary + a(ry))dt + o(ry)dWy, 19 € H.

Solution concepts, properties of solutions, manifold applications have been worked
out in the most general cases, e.g., [9] in the case of Brownian noise or [27] in the
case of Lévy noises.

We suggest in this article a new approach to SPDEs, which works for most
of the SPDEs considered in the literature (namely those where the semigroup is
pseudo-contractive). The advantages are three-fold: first one can consider most gen-
eral noises with path-dependent coefficients and derive existence, uniqueness and
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stability results in an easy manner. Second the new approach easily leads to (numer-
ical) approximation schemes for SPDEs, third the approach allows for rough path
formulations (see [32]) and therefore for large deviation results, Freidlin-Wentzell
type results, etc. In this article we shall mainly address existence, uniqueness and
stability results for SPDEs with driving Poisson random measures and general
path-dependent coefficients. An outline of the basic relation, namely short-time
asymptotics, for high-order, weak or strong numerical schemes is presented, too.

In our point of view SPDEs are considered as time-dependent transformations
of well-understood stochastic differential equations (SDEs). This is best described
by a metaphor from physics: take the previous equation and assume dim H = 1,
a(r) =0 and o(r) = o a constant, i.e. an Ornstein-Uhlenbeck process

d'f’t = Artdt + O'th, T0 € R

in dimension one describing the trajectory of a Brownian particle in a (damping)
velocity field z — Az. If we move our coordinate frame according to the vector field
x — Az we observe a transformed movement of the particle, namely

dfy = eXP(*At)Uth, fo=ro,

which corresponds to a Brownian motion with time-dependent volatility, since space
is scaled by a factor exp(—At) at time t and the speed of the movement of the
coordinate frame makes the drift disappear. Loosely speaking, one “jumps on the
moving frame”, where the speed of the frame is chosen equal to the drift. In finite
dimensions the advantage of this procedure is purely conceptual, since analytically
the both equations can be equally well treated. If one imagines for a moment the
same procedure for an SPDE the advantage is much more than conceptual, since
the transformed equation, seen from the moving frame, is rather an SDE than an
SPDE, as the non-continuous drift term disappears in the moving frame. More
precisely, considering the variation of constants formula

t t
e = Siro +/ Si—sa(rs)ds +/ Si_s0(rs)dWs
0 0

we recognize the dynamics of the transformed SDE, namely the process f; = S_;ry
satisfies

dfy = S_sa(Sefr)dt + S_1o(Se fr)dWy, fo = ro.

At this point it is clear that the drift term in infinite dimensions does usually not
allow movements in negative time direction, which is crucial for the approach. This
limitation can be overcome by the Sz6kefalvi-Nagy theorem, which allows for group
extensions of given (pseudo-contractive) semigroups of linear operators. We empha-
size that we do not need the particular structure of this extension, which might be
quite involved. The emphasis of this article is to provide a self-contained outline
of this method in the realm of jump-diffusions with path-dependent coefficients,
which has not been treated in the literature so far.

Therefore we suggest the following approach to SPDEs, which is the guideline
through this article:

e consider the SDE obtained by transforming the SPDE with a time-dependent
transformation r — S_;r (jump to the moving frame).
e solve the transformed SDE.
e transform the solution process by r — S;r in order to obtain a mild solution
of the original SPDE (leave the moving frame).
In [1] and [26] existence, uniqueness and regular dependence on initial data are

considered for SPDEs driven by a Wiener processes and Poisson random measures.
The authors also apply the Székefalvi-Nagy theorem to prove certain inequalities,
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which are crucial for their considerations. In contrast our approach means that we
reduce all these separate considerations to the analysis of one transformed SDE,
which corresponds then — by means of the time-dependent transformation — to the
solution of the given SPDE.

Our approach is based on the general jump-diffusion approach to stochastic par-
tial differential equations as presented in [1] or [26]. In contrast, our vector fields
can be path-dependent in a general sense, not only random as supposed in [26]. Ap-
plications of this setting can be found in recent work on volatility surfaces, where
random dependence of the vector fields is not enough. We first do the obvious proofs
for stochastic differential equations with values in (separable) Hilbert spaces. Then
we show that by our transformation method (“jump to the moving frame”) we can
transfer those results to stochastic partial differential equations. In a completely
similar way we could have taken the setting for stochastic differential equations in
Ph. Protter’s book [28], which is based on semi-martingales as driving processes
and where we can literally transfer the respective theorems into the setting of sto-
chastic partial differential equations. In particular all LP-estimates — as extensively
proved in [28] — can be transferred into the setting of stochastic partial differential
equations.

The “moving frame approach” is a particular case of methods, where pull-backs
with respect to flows are applied. Those methods have quite a long history in the
theory of ODEs, PDEs and SDEs (pars pro toto we mention the Doss-Sussman
method as described in [29] and the further material therein). In the realm of
SPDEs the “pull-back” method has been successfully applied in [7] with respect to
noise vector fields. See also a discussion in [6] where this point of view is applied
again, but a pull-back with respect to the PDE part has not been applied yet.

We shall now provide a guideline for the remainder of the article. In Section 2 we
define the fundamental concepts, notions and notations for stochastic integration
with respect to Wiener processes and Poisson random measures. In Section 3 and 4
we provide for the sake of completeness existence and uniqueness results for Hilbert
spaces valued SDEs and respective LP-estimates. In Sections 5 and 6 we provide
stability and regularity results for those SDEs. Section 7 we introduce all necessary
solution concepts for (semi-linear) SPDEs. In Section 8 we apply our method of
the moving frame to existence and uniqueness questions. Section 9 is devoted to
the study of stability and regularity for SPDEs. Section 10 and Section 11 describe
Markovian SPDE problems and several high order numerical schemes for SPDEs in
this case. Again for the sake of completeness we provide a stochastic Fubini theorem
with respect to compensated Poisson random measures in Appendix A.

2. STOCHASTIC INTEGRATION IN HILBERT SPACES

In this section, we shall outline the notion of stochastic integrals with respect to
an infinite dimensional Wiener process and with respect to a compensated Poisson
random measure. The construction of the stochastic integral with respect to a
Brownian motion follows [9, Sec. 4.2]. The construction of the stochastic integral
with respect to a Poisson measure is similar and can be found in [30] or [21, Sec.
2].

2.1. Setting and Definitions. From now on, let (2, F, (F;)i>0,P) be a filtered
probability space satisfying the usual conditions. Furthermore, let H denote a sep-
arable Hilbert space with inner product (-, )z and associated norm || - || g. If there
is no ambiguity, we shall simply write (-,-) and || - ||.

In the sequel, P denotes the predictable o-algebra on R and Pr denotes the pre-
dictable o-algebra on [0, T] for an arbitrary T € R,. We denote by A the Lebesgue
measure on R.
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For an arbitrary p > 1 and a finite time horizon T' € R} we define
LE(X; H) := LP(Q x [0,T], Pr,P® \; H)

and let LP(\; H) be the space of all predictable process ® : Q x Ry — H such that
for each T' € R the restriction of ® to Qx [0, 7] belongs to L7.(\; H). Furthermore,
LY (\; H) denotes the space of all predictable processes ® : Q x R, — H such that

loc

T
IE”(/ | D, ||Pdt < oo) =1 forall T € R;.
0
Clearly, for each ® € L], (X; H) the path-by-path Stieltjes integral fot dyds exists.
Let M2(H) be the space of all square-integrable cadlag martingales M : Q x
[0,T] — H, where indistinguishable processes are identified. Endowed with the
inner product

(M, N) = E[(Mr, Nr)],

the space M2 (H) is a Hilbert space. The space M;C(H ), consisting of all continuous
elements from MZ(H), is a closed subspace of M#(H), which is a consequence of
Doob’s martingale inequality [9, Thm. 3.8].

2.2. Stochastic Integration with respect to Wiener processes. Let U be
another separable Hilbert space and @) € L(U) be a compact, self-adjoint, strictly
positive linear operator. Then there exist an orthonormal basis {e;} of U and a
bounded sequence A; of strictly positive real numbers such that

Qu = Z)\j<u,ej>ej, uelU
J
namely, the A; are the eigenvalues of ), and each e; is an eigenvector corresponding
to Aj, see, e.g., [33, Thm. VL.3.2].

The space Uy := Q2 (U), equipped with inner product (u, v)y, := (Q_%u, Q_%U>U,
is another separable Hilbert space and {\/)Tjej} is an orthonormal basis.

Let W be a Q-Wiener process [9, p. 86,87]. We assume that tr(Q) = >_; \; < oc.
Otherwise, which is the case if W is a cylindrical Wiener process, there always exists
a separable Hilbert space Uy D U on which W has a realization as a finite trace
class Wiener process, see [9, Chap. 4.3].

We denote by L3 := Ly(Uy, H) the space of Hilbert-Schmidt operators from Uy
into H, which, endowed with the Hilbert-Schmidt norm

1oy = [> Ailles|2, @ € LS
i

itself is a separable Hilbert space.

Following [9, Chap. 4.2], we define the stochastic integral fot ®,dW, as an isome-
try, extending the obvious isometry on simple predictable processes, from LZ(W; LI)
to M7°(H), where

LE(W; LY) == L*(Q x [0, T], Pr,P® \; LY).

In particular, we obtain the [té-isometry

t 2 t
H | waw. ]:E[ [ ieggas]. e
0 0 2

for all ® € LZ(W;LJ). In a straightforward manner, we extend the stochastic
integral to the space L?(W;L3) of all predictable processes ® : Q x Ry — L3
such that the restriction of ® to Q x [0,7] belongs to L4 (W;L3) for all T € R,

(2.1) E
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2

2 (W;LY) consisting of all predictable processes

and, furthermore, to the space £
®:Q xRy — LY such that

T
P(/ [®4]|7dt < oo) =1 forall T € R,.
0

The integral process is unique up to indistinguishability.

There is an alternative view on the stochastic integral, which we shall use in this
text. According to [9, Prop. 4.1], the sequence of stochastic processes {37} defined as
Bl = %(VV, e;) is a sequence of real-valued independent (JF;)-Brownian motions

J

and we have the expansion
W = Z \/ )\Jﬂjej,
J

where the series is convergent in the space M?(U) of U-valued square-integrable
martingales. Let ® € £ _(W; L)) be arbitrary. For each j we set ®/ := |/\;Pe;.
Then we have

t t
/(I)SdWS:Z/ dIdpl, teRy
0 j 0

where the convergence is uniformly on compact time intervals in probability, see [9,
Thm. 4.3].

2.3. Stochastic Integration with respect to Poisson random measures.
Let (E,&) be a measurable space which we assume to be a Blackwell space (see
[11, 15]). We remark that every Polish space with its Borel o-field is a Blackwell
space.

Now let u be a homogeneous Poisson random measure on Ry x E, see [18, Def.
I1.1.20]. Then its compensator is of the form dt ® F(dx), where F is a o-finite
measure on (E,E).

We define the Ito-integral fot I ®(s, ) (u(ds,dx) — F(dx)ds) as an isometry,
which extends the obvious isometry on simple predictable processes, from L% (u; H)
to M2(H), where

(2.2) Li(uw H) = L2(Qx [0,T| x E,Pr @ E,PRA® F; H).

In particular, for each ® € LZ(u; H) we obtain the Ité-isometry

2] :E[/Ot/E|q>(s,x)||2F(dx)ds

for all t € [0,T]. In a straightforward manner, we extend the stochastic integral
to the space L2(u; H) of all predictable processes ® : Q x R, x E — H such
that the restriction of ® to Q x [0,7] x E belongs to L3.(u; H) for all T € R,
and, furthermore, to the space EIQOC(M;H ) consisting of all predictable processes
®:Q xRy x F— H such that

(23)
E M /0 t /E (s, z)(u(ds, dz) — F(dz)ds)

T
]P’(/ / |®(t, 2)||*F(dx)dt < oo> =1 forall T € R,.
0 E

The integral process is unique up to indistinguishability.
Such a construction of the stochastic integral can, e.g., be found in [2, Sec. 4] for
the finite dimensional case and in [30], [21, Sec. 2] for the infinite dimensional case.
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2.4. Path properties of stochastic integrals. It is apparent that for every ® €
LY (X H), where p > 1, the path-by-path Stieltjes integral fo. ®,ds has continuous
sample paths.

As outlined in Section 2.2, we have first defined the stochastic integral fot P dW,

as an isometry from LZ(W;L9) to M%C(H ), the space of all square-integrable
continuous martingales, and then extended it by localization. Therefore, for each
® € L2 (W;LY), the trajectories of the integral process fo. ®.,dW are continuous.

loc
Similarly, the stochastic integral fg I ®(s, z)(pu(ds, dx) — F(dz)ds), outlined in
Section 2.3, is, in the first step, defined as an isometry from L2 (u; H) to M2 (H),
the space of all square-integrable cadlag martingales, and then extended by localiza-
tion. Hence, for each ® € £2 _(u; H) the integral process fo. S @(s,2)(u(ds, dz) —
F(dx)ds) has cadlag sample paths.

2.5. Independence of the driving terms. We remark that the Wiener process
W and the Poisson random measure p are independent, which we will actually only
need in Section 11.

The asserted independence is provided by using the semimartingale theory from
Jacod and Shiryaev [18]. Indeed, for a continuous local martingale M and a purely
discontinuous local martingale N, which are both assumed to be processes with
independent increments and both considered with respect to the same filtration,
the semimartingale X = (M, N) is again a process with independent increments,
because its semimartingale characteristics (see [18, Def. I1.2.6]), which we can easily
compute from those of M and N, are also deterministic. Here we need the fact
that (M,N) = (M,0) 4+ (0,N) is a decomposition into a continuous and purely
discontinuous local martingale. Computing the characteristic functions of M, N
and X by means of [18, Thm. I1.4.15] yields the desired independence.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR STOCHASTIC DIFFERENTIAL
EQUATIONS

Since we shall show that — in case of pseudo-contractive strongly continuous
semigroups — it is equivalent to consider SPDEs on the one hand or time-dependent
SDEs on the other hand, we need the basic results for time-dependent SDEs with
possibly infinite dimensional state space at hand. In this section we prove existence
and uniqueness results for stochastic differential equations (SDEs) on a possibly
infinite dimensional state space. The results are fairly standard, but we provide
them in order to keep our presentation self-contained and to introduce certain
notation which we shall need in the further sections.

For an interval I C Ry we define the space C(I; H) := C(I; L*(Q; H)) of all
continuous functions from I into L?(Q; H). If the interval I is compact, then C(I; H)
is a Banach space with respect to the norm

[rllr = sup[lrell L2 @y = | [sup E{[lre[|?]-
tel tel

Note that C(I; H) is a space consisting of continuous curves of equivalence classes
of random variables. For each element r € C(I; H) we can associate an H-valued,
mean-square continuous process 7 = (7¢)tes, which is unique up to a version.

Let Caq(I; H) be the subspace consisting of all adapted curves from C(I; H).
Note that, by the completeness of the filtration (F;);>0, adaptedness of a curve
r € C(I; H) is independent of the choice of the representative. If the interval I is
compact, then the subspace Caq(I; H) is closed with respect to the norm || - ||7.

We shall also consider the spaces C(I; H) and Coq([; H) of all mean-square con-
tinuous and of all adapted, mean-square continuous processes r € C(I; £L2(Q2; H)).
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Note that for each r € C(I; H) the equivalence class [r] belongs to C(I; H), and if
r € Caa(I; H), then we have [r] € Coq(I; H).

If no confusion concerning the Hilbert space H is possible, we shall use the
abbreviations C(I), Caa(I), C(I) and Caq(I) for C(I; H), Caa(I; H), C(I; H) and
Cad (Iv H)

We denote by Hp resp. Hpge the space of all predictable processes r : @ xRy —
Horesp.r: QO xRy xE— H.

We shall now deal with stochastic differential equations of the kind

(3.1) { dri = a(r)edt+o(r)edWy + [ y(r)(t, z)(u(dt, dz) — F(dx)dt)
. 7’|[0,to] = h,

where o : Coq(Ry) = Hp, 0 : Caa(Ry) — (L3)p and v : Coq(Ry) — Hpge. Fix
tg € RJr and h € Caq [O,to].

3.1. Definition. A process r € Cpa(Ry) is called a solution for (3.1) if we have

7dl[O to] — h OZ([ ]) [to,00) € ‘clOC(A;H)7 O-([T])]]'[topo € ‘Cloc( )) ’Y([r])]]'[tmoo) €
L2 (u; H) and almost surely

o) e = hy, + /tGDdyﬁgowmmu

/ / (u(ds,dx) — F(dx)ds), t>tp.

As pointed out in Section 2, the stochastic integrals at the right-hand side of (3.2)
are only determined up to indistinguishability. Therefore, uniqueness of solutions
for (3.1) is meant up to indistinguishability on the interval [ty,00), that is, for two
solutions 7,7 € Caa(Ry) we have P((;5, {1t = 7¢}) = 1.

3.2. Remark. Note that in this definition time-dependence of the vector fields is
naturally included into the setting. Also observe that for to = 0 we have Caq[0,to] =
LQ(Q, .7:0, ]P; H) and Cad[O, to} = ﬁg(Q, ]:0, ]P; H)

The following standard assumptions are crucial for existence and uniqueness:

3.3. Assumption. We assume that for all T € Ry and all 7', 1% € Coa(R) with
0,71 = r?ljo,1) we have

a(rYo.r = a(r®)|jo.11,
0(7‘1)|[0,T] = U(T2)|[O,T]7

7(7"1)|[0,T]XE 27(7”2)

3.4. Assumption. Denoting by 0 € Caq(Ry) the zero process, we assume that

(3.3) t = Ef[|a(0):°] € Lio(R+),
t— E[”U(O)tnig] € Llloc(]R-‘r)a

(3.5) mE[ [ o olPr)| € ey,

3.5. Assumption. We assume there is a function

(3.6) LeLf (Ry)
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such that for all t € Ry we have
(3.7) Eflla(r)e = a(r?)el’] < L) [Ir' = r?[1f.4,
(3-8) Ello(rt)e — a(r®)ellzgl < L [Ir =2l

(3.9) E[/E Iy (r)(t, @) =y (), 2) |*F(da) | < L) [lrt = r*fo 4

for all v, r? € Coa(Ry).

3.6. Remark. For p > 1 the space L1 (Ry) denotes the space of all measurable
functions f : Ry — R such that the restriction f|jo1) belongs to LP[0,T] for every
T € Ry. Note that (3.8), (3.4), (3.5) and (3.6) are in particular satisfied if the
respective functions are bounded on compact intervals.

3.7. Remark. Note that Assumptions 3.3, 3.4, 3.5 are satisfied for a wide class
of SDEs (and thus — by the method of the moving frame — SPDEs) with path-
dependent coefficients. As an example, we will consider equations with characteristic
coefficients depending on the randomness w, the time t and finitely many states from
the path on the interval [0,t], see Corollary 10.8 below, which together with Remark
10.10 (see also Remark 8.6) generalizes 26, Thm. 2.4]. We also emphasize that the
Lipschitz function L only needs to be locally square-integrable.

3.8. Remark. In the book of Ph. Protter [28] stochastic differential equations driven
by semimartingales are studied. The characteristic coefficients are mappings F' :
D — D, where D denotes the space of adapted cadlag processes. In [28, Thm. V.7]
they are assumed to be functional Lipschitz, i.e. for any X,Y € D we have

(3.10) F(X)Y~ =F(X) = for any stopping time T with X~ =Y~
and almost surely
(3.11) |1F(X)— F(Y)|| < Ky sup || Xs —Ys|| foreacht >0,

s€[0,t]

where K = (Ky)i>0 is an increasing (finite) process. By localization, Protter [28]
assumes that K is uniformly bounded by some finite constant k > 0, see [28, Lemmas
V.1, V.2]. Taking expectation in (3.11) then yields

(3.12)  E[|F(X): — F(Y):|[*] <k°E sup 165 = Ysl?| = K*1X = Y20,
s )t

and existence and uniqueness is proven by a fized point argument on the space S2.
We, in contrast, will apply a fized point argument on the space Cag(R4), and show
the existence of a cadlag version afterwards, see Theorem 3.11 below. Note that
Assumption 8.8 corresponds to (8.10) and Assumption 3.5 corresponds to (3.12).
Hence, our assumptions can be regarded as an analogue to the functional Lipschitz
property in [28].

3.9. Lemma. For each r € Coq(Ry) the functions

(3.13) t—E / lla(r)s]l ds]

(3.14) t—E / o(r)s|2Lgds},
LJo

(3.15) t»—)IE:/Ot/E|7(r)(s,x)||2F(da:)ds]

are well-defined and continuous on R, .
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Proof. Let r € Coq(R4) and ¢t € R be arbitrary. Using the Lipschitz conditions
(3.7), (3.8), (3.9) we obtain

| [[llat)las] <2 [ LI ds + 2 [ Ellao) s
| [ lotigas] <2 [ L6t gds +2 [ Elloto)l3las
E//mewmﬂ

<2 [ L2l gas+2 [ | [ o). r) s

Note that, by (3.6), we have

t t
2Rl s < g | E(sas <o

Together with (3.3), (3.4), (3.5) we deduce that the functions in (3.13), (3.14),
(3.15) are well-defined. The continuity follows from Lebesgue’s theorem. O

According to Lemma 3.9, for all 7 € Caq(R4) we have a(r) € L*(\; H), o(r) €
L?(W; LY) and v(r) € L?(u; H). This ensures that the following stochastic integrals
n (3.16) are well-defined.

For any T € Ry and r € Cyq[0,T] we define
a(r) = a(F)
o(r):=o(F )| [0,T7>
v(r) == (F )|[o T|xE>

where we have chosen 7 € Caq(R4 ) such that r = 7|jp 7). Such an element 7 always
exists. Take, for example, the constant continuation 7, := r for t > T'. Notice also
that this definition is independent of the choice of 7 by virtue of Assumption 3.3.

Let us fix tg € Ry, T > tg, h € Caq[0,t0] and 7 € Caq[0,T]. We define Ay (r) by
An(7)][0,60] := h and

Ap(r)e := hyy + /t a(r)s ds—l—/t: o(r)sdWs

(3.16)
/ / w(ds,dz) — F(dz)ds), t € [to,T].

By Hélder’s inequality, the It6-isometries (2.1), (2.3) and Lemma 3.9, the process
Ap(r) is mean-square continuous. By taking the respective equivalence classes, this
induces a mapping Ay, : Coq[0,T] — Caql0, T).

In an analogous fashion, we define a mapping Ap, : Coq(Ry) — Caa(Ry).

Now we fix T1, T, € R, with Ty < Ty and r! € Cyq[0,T1]. For r2 € Cuq[T1, 1]
we have

(r',r?) i= ((rd)seom), (72 + 11y, — 17 se(r,13]) € Caal0, T2).

Hence, we can define

t t
P,d(?"?)t = r%1+/ a(T17T2)sds+/ O’(r17r2)de5

T1 Tl

+/T y(rt, r?) (s, x)(u(ds, dx) — F(dx)ds), t € [Ty, Ts].
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By Holder’s inequality, the It6-isometries (2.1), (2.3) and Lemma 3.9, the process
I',1(r?) is mean-square continuous. By taking the respective equivalence classes,
this induces a mapping I'y1 : Coq[T1, T2] = Cada[Th, T3)-

3.10. Lemma. Let ty € Ry be arbitrary. There exists a sequence tog = Ty < 11 <
Ty < ... with T,, — o0 such that for all m € Ny and all h € Cyoq[0,T,,] the map Ty
is a contraction on Cuaq[Ty, Tri1].

Proof. We choose an arbitrary € € (0,1). Let 6 > 0 be such that

(3.17) f) <25, t€]0,d]
where f( ) = 12(t + 2). By (3.6) and Lebesgue’s theorem, the map g : Ry —
Ry, g(t) = fo 5)2ds is continuous. Since g is uniformly continuous on com-
pact mtervals of R+, there exists a sequence tg = Ty < 71 < Ty < ... with
sup,en, |Tnt1 — Tn| < 6 and T, — oo such that

2
(3.18) 19(T) = g(Tpi)| < ;5 for all n € No.

Let n € Ny and h € C,q[0,T,,] be arbitrary. We fix r!,72 € Caq[T}, Tpi1] and
t € [Ty, Ty1]- By using Holder’s inequality and (3.7) we obtaln

1

<(t-T,) / L) + b, —1h, — (72 + b, — 12|, g ds
T,

n

t
<4t - m( / L<s>2ds) It =

Tn
2‘|

The Ito-isometry (2.1) and (3.8) yield
t
S T G U SI T

H/ alh,m)s — alh,12),)ds

E /t (o(h, V) — o (h, 7)) dW,

Tn

TTI,

t
< 4( /| L<s>2ds) I = 2l

and the Ito-isometry (2.3) and (3.9) give us an analogous estimate for the jump
part. Thus, we obtain for all ¢ € [T},, T, +1] the estimate

EIIEA ), = D)) < 1260 - T+ 2) ([ 20928 )1t = I,

Tn
= f(t =T (9(t) = g(T)Irt =7 I%r, 70y
which implies, by taking into account (3.17) and (3.18),
ITh () = Tr(r*)lim, 1) < €llrt =2 1
proving that T'j, is a contraction on Cyq[T},, Th+1]- O
3.11. Theorem. Suppose that Assumptions 3.3, 3.4, 3.5 are fulfilled. Then, for

each tog € Ry and h € Caq[0, to] there exists a unique solution r € Caq(Ry) for (3.1)
with cadlag paths on [ty,o0), and it satisfies

(3.19) IE[ sup |rt2} < oo foralT >ty.
t€(to, T
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Proof. Let tg € Ry and h € C,q[0, to] be arbitrary. We identify h with its equivalence
class and fix a sequence (T},)nen as in Lemma 3.10. By induction we shall prove
that for each n € Ny the fixed point equation

(3.20) " =Ap(r"), "€ Caal0,T,]

has a unique solution. For n = 0 the unique solution for (3.20) is given by 70 = h.
We proceed with the induction step n — n+ 1. By the Banach fixed point theorem
there exists a unique solution for

(3.21) P =T (P, 7T € CoaTo, Trga)-

The process r"+! := ((r™)eefo,10]> (f"“)te(TanH]) belongs to Cagl0, T41], be-
cause ry = f;i:'l by (3.21), and, by taking into account Assumption 3.3, it is the

unique solution for
Tn+1 = Ah(Tn+1)7 Tn+1 S Cad[O,Tn+1].

Since T,, — oo, there exists, by noting Assumption 3.3 again, a unique solution
r € Caa(R4) for the fixed point equation

(3.22) r=Ap(r), 7€ Caa(Ry).

The right-hand side of (3.22) consists of the sum of stochastic integrals. Therefore,
there exists a representative 7 € Caq(R4) of Ap(r) with cadlag paths on [tg, 00), see
Section 2.4. Equation (3.22) yields, up to indistinguishability,

o=+ [ alBds+ [ o,

! /t /E”(W(Sax)(u(ds, dz) — F(dz)ds), t= to.

Since any two representatives of r, which are cadlag on [tg, 00), are indistinguishable
on [tg,00), this shows that 7 is the unique solution for (3.1). Relation (3.19) is
established by Holder’s inequality, Doob’s martingale inequality [9, Thm. 3.8], the
It6-isometries (2.1), (2.3) and Lemma 3.9. O

3.12. Remark. The idea to work on the space Caq(Ry) already appears in the
proof of [14, Thm. 4.1], which deals with infinite dimensional stochastic differential
equations driven by Wiener processes.

4. LP-ESTIMATES

In order to carry LP-theory from SDEs with possibly infinite dimensional state
space to SPDEs we provide the relevant results for SDEs here. For the SDEs of Sec-
tion 3 the full theory of LP-estimates for solutions of stochastic differential equations
holds true.

Let p > 2 be arbitrary. In this section, for any interval I C Ry we consider the
space C(I) := C(I; L?(; H)) of all continuous functions from I into L?(€); H). If
the interval I is compact, we equip C(I) with the norm

wm:wmmm@m=$wmmm).
tel tel

We replace Assumptions 3.4 and 3.5 by the following stronger assumptions.
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4.1. Assumption. Denoting by 0 € Coq(Ry) the zero process, we assume that
t = E[f|a(0)]|”] € Lioo(R+),
= ]E[HJ(O)t”Zzg] € ‘Clloc(RJr)’

ME[ | o)t F)] e ch®s).

4.2. Assumption. We assume there is a function

L€ Ly, (Ry)
such that for all t € Ry we have
(4.1) Ella(r), — a2)il7) < L@ - 21, .
(4.2) Ello(r')e — o(r®)ullfe] < LOPlIr =2l 4.

(1.3) E[ [ hte.e) —w<r2><t,x>upF<dm>]

b

* (/E'W”(W) —V<r2>(t7w>||2F<dx)>2] < L)t =2

[0,¢]

for all r*,r? € Coa(Ry).

4.3. Theorem. Suppose that Assumptions 3.3, 4.1, 4.2 are fulfilled. Then, for each
to € Ry and h € Caql0, to] there exists a unique solution r € Caa(Ry) for (3.1) with
cadlag paths on [tg, 00), and it satisfies

IE[ sup ||rt||p} < oo foralT >t.
te(to,T)

The proof is established by applying the reasonings from the previous section
directly. We do not go into detail here, but indicate how we apply the Banach
fixed point theorem in this situation, which relies on Burkholder-Davis-Gundy and
Bichteler-Jacod type arguments.

By using Holder’s inequality and (4.1) we obtain

2| ]
<@-18] [ o), - a(hr).7ds]

< 2= 10 [ wsyas)r

By the Burkholder-Davis-Gundy inequality, Holder’s inequality and (4.2) we have
p]

' :
/ ||(T(h,7’1)s - 0(h7r2)s||igd8> ]

’ /Ti(oz(h,rl)s ~ a(h,2),)ds

p
[Tn,Trnt1]

ElH[ZQﬂMTUSUMJQ%MW@
(
<@a—nﬁ*/¢mmem—JWﬂxwyw

t
/ L(S)pds) Il?”l — r2||an7Tn+1]’

T’VL

< C,E
T

< 2P0p(t—Tn)’5—1<
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with a constant C, > 0. By means of the Bichteler-Jacod inequality (see [26, Lemma
3.1]) and (4.3) we get
p]

E

H /Tt /E(V(’Wl)(sax) = y(h,r?)(s,2))(u(ds, dx) — F(dz)ds)

< NE { /| [ I rt)(s,2) = 20, r2><s,x>||pF<dx>ds]

/Tt (/E [y (h, ') (s, 2) —7(h,r2)(s,x)||2F(dx)>gdsl

t
< 2P+1N</T L(s)PdS> ||7"1 - T2||Z[)Tn,Tn+1]

with a constant N = N(p,t) > 0. Proceeding as in the proof of Lemma 3.10,
we obtain, after choosing an appropriate sequence (T}, )nen, that the fixed point
mappings Iy, for h € Cyq[0, T,] are contractions on Coq [Ty, Tht1]-

+ NE

5. STABILITY OF STOCHASTIC DIFFERENTIAL EQUATIONS

We shall now deal with stability of stochastic differential equations of the kind
(3.1). Again these are standard results which we do only give for the sake of com-
pleteness. Using the method of the moving frame, we will transfer the results to
stochastic partial differential equations in Section 9.

As in Section 3, we assume that o : Coq(Ry) — Hp, 0 : Cag(Ry) — (LY)p and
v : Cad(Ry) — Hpge fulfill Assumptions 3.3, 3.4, 3.5. Furthermore, let, for each
n €N, ay : Caa(Ry) = Hp, 0y : Caa(Ry) = (L9)p and v, : Caa(Ry) — Hpge be
given. We make the following additional assumptions.

5.1. Assumption. We assume that for all T € Ry and all r*,r* € Coq(Ry) with
0,77 = rlj0,1) we have
an(r1)|[0’T] = an(TQ)\[O7T], néeN
on (o) = on(r)lor, €N
%(7“1) [0,T|XxE = %(7“2)
5.2. Assumption. Denoting by 0 € C,q(Ry) the zero process, we assume that
£+ Bl (O)]1%] € £Lo(Ry), neN
t = El[lon(0)l12] € Lhe(Ry), neN

05| [ a0t 2IPF(@)] € Lhe®o), nen

o01)xE, nEN.

5.3. Assumption. We assume that for all t € Ry we have
(5.1) Efllan(r')e — an(r?)el’] < L()?|r' = 2|3,
(5.2) Elllon (1) — o (r?)ell7o] < L#)?|r! — 2|7,

(5.3) E[ / |%<r1><t,m>—%<r2><t,x>||2F<dx>} < LRt — 2|2

for allm',r? € Coa(R4) and n € N, where L € L3 (R.) denotes the function from
Assumption 3.5

5.4. Remark. Notice the slight difference of the previous Assumption 5.3 to As-
sumption 8.5 for each oy, o and vy, namely, that the function L does not depend
onn € N.
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Furthermore, let tg € Ry, h € Caq[0,t9] and for each n € N let h™ € Caql0, to)
and B,, € £ be given.

According to Theorem 3.11, there exists a unique solution r € C,q(Ry) for (3.1)
with 7]jg.4,) = h with cadlag paths on [to, c0) satisfying (3.19), and for each n € N
there exists a unique solution r™ € C,q(Ry) for

{ drit = ap(r")dt + on(r")e dWe + [ v (r™) (¢, @) (u(dt, dz) — F(dv)dt)
T |[

n — n
O,t()] - h )

with cadlag paths on [to, 00) satisfying E[sup,c(, 7y [77]1?] < oo for all T > t,.
We also make the following assumption, in which r € C,q(R4) denotes the solu-
tion for (3.1) with 7|j9¢,] = h.

5.5. Assumption. We assume that B, T E and
an([M) 1y 00) = ([T Litg.00)  in L2(A; H),
Tn ([T Ltg,00) = (D) Ltg,00) @0 L2 (W3 L3),
(M) Ltg,00) = YD Ljtg,00)  in L2 (5 H).

Notice that, by Assumption 5.5, for all T' > to we have
(5.4)

entr) = (B[ [ ot~ an(paas] +E] [ o) - oni)ltyas

to to

+8[ [ [ s - (.21 F(dw)d}

t

+E[/to /E\B Iv([r]) (s, 2) |2 F(dz)d D —0 asn— oo.

For a compact interval I C R} we shall also consider the norm

Irllsecn = E[supmﬂ.
tel

By Theorem 3.11, for any T' > ty we have ||7||s2p,, 77 < 00, where r € Cag(Ry)
denotes the solution for (3.1) with r[j ;] = h.

5.6. Proposition. Suppose that Assumptions 3.3, 3.4, 3.5, 5.1, 5.2, 5.8 and 5.5
are fulfilled. Then, there exist maps K1, Ko : Ry — Ry, only depending on the
Lipschitz function L, such that the following statements are valid:

(1) If ™ — h in Caq[0, to], then for each T >ty we have the estimate

(5.5) sEup ] Elllre — r?|1?] < K1 (|h — h"||[20,t0] +C2) =0 forn— oo,
t€[0,T

where K1 = K1(T) and C,, = C, (T, 1) is defined in (5.4).
(2) If even h™ — h in S?[0,t0], then for each T > to we have the estimate

(5.6) E S[ll[}] re =P 12| < Ka(lh = B"|[%egg g + C2) =0 forn — oo,
telo,

where Ky = Ko(T) and C,, = Cp (T, 1) is defined in (5.4).
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Proof. Let T > ty and n € N be arbitrary. By Holder’s inequality, the It6-isometries
(2.1), (2.3) and the Lipschitz conditions (5.1), (5.2), (5.3) we obtain, by writing

/to / wu(ds,dx) — F(dz)ds)

- / / () (5, 2) (s, d) — F(dar)ds)
/ / — () (5, 2)) (u(ds, dz) — F(dz)ds)

* /to /E\Bn Y([r]) (s, ) (pu(ds, dz) — F(dx)ds)

+ / [ n ) = (1) 5, 2) (s ) — F(de)ds),
for all ¢ € [tg, T] the estimate
I =l = s Ellrs 2] < 810 g + (= 10) VDG (4))

: |
T

+8 sup E /S(on([r])v—an([r”])v)dWU
18 sup E / / (] — (7)) (0, 2)) (v, dr) — F(d)dlv)

s

+8 sup E /S(Oén([T])v — an([r"])y)dv

SE[to,t) to

s€(to,t]
SE[to,t]

S(Ih = B2, 1y + (T = to) V 1)Co(T, 7)?)

¢
+8(T' —to+2) / L(s)*lr = "o o ds-

to
Applying the Gronwall Lemma gives us

sup Ef||rs —r7[%] = Ir — 7" [Ifo.4
s€[0,t]

S 2 S
< S(Hh _ hnH[QO,tO] + ((T—to) V 1)Cn(T,7“) ) 8(T— to+2)ft )4d

for all ¢ € [to, T], implying (5.5). Analogously, by also taking into account Doob’s
martingale inequality [9, Thm. 3.8], we obtain

ELS[%% e~ TEI| < 800 = " Bagg g + (T = ) VG T, )
€10,

]
+8E| sup / /B a5 2) — 4 (7)) (5, 2)) (e ds, dr) — F(de)ds)

_tE[to,T]

2

+8E | sup / (n([])a — an([™])s)ds

| t€lto, T] Il Jto

+SE | sup /t(an([r])s—an([r"])s)dWS

te[to,T]

T
8(Ih = ™82 (0,10) + (T = to) V 4)C (T, 7)?)

T
+8(T —to + 8)(/t L(S)st) | — 7””||[20,T]-
0
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Noting that ||h — 2" ||j0,t,] < [[h — h™||s2[0,4,], inserting (5.5) shows (5.6). O

5.7. Remark. Fiz a finite time T > to and denote for h € Caql0,to] by r™ the unique
solution for (3.1) with r|j 4] = h, which has cadlag paths on [to, 00). Restricting
it to the interval [0,T], estimates (5.5), (5.6) show that the solution map h s r"
is Lipschitz continuous with a constant L = L(T) > 0, if considered as a map
Cadl0, to] — Caq[0,T] or as a map S2[0,to] — S2[0,T). In particular, there exists a
constant C = C(T) > 0 such that

sup Ef|rf ) < C(1+ sup Elllhul*)), h e Caal0,to]
te[0,to]

t[0,T]
IE[ sup ||ri’||2] < C(l—i—E[ sup ||ht||2]>7 h € §%[0, to].
t€[0,7] t€[0,t0]

Notice further for to = 0 the coincidence Caql0,to] = S?[0,t9] = L2(Q, Fo,P; H).

5.8. Remark. Using Burkholder-Davis-Gundy and Bichteler-Jacod type arguments
as in the previous section, we can, in an analogous fashion, derive the LP-version
of the stability result above.

6. REGULAR DEPENDENCE ON INITIAL DATA FOR STOCHASTIC DIFFERENTIAL
EQUATIONS

In this section, we study regular dependence on initial data for SDEs. Some
related ideas can be found in [25]. By the method of the moving frame, which we
present in Section 8, we can transfer the upcoming results to SPDEs.

We understand the question of regular dependence on initial data as a conclusion
of the stability results of Section 5. We consider

6.1) { dry ar)edt + o (r)edWy + [, v(r)(t, z)(u(dt, de) — F(dx)dt)
. 7’|[0,to] = h,

under Assumptions 3.3, 3.4, 3.5, such that we can conclude the existence and
uniqueness of solutions for ¢y € Ry and h € Caq[0,tg]. Motivated by ideas from
convenient analysis, see [22], we fix a curve of initial data € — c(e€) € Caq[0, to],
which is differentiable for all e with derivative ¢/(¢) € Caq[0,to]. We consider the
following system of equations,

(6.2)
dri = ar)dt + o(r)edWy + [, 7(ro)(t, z)(p(dt, dz) — F(dx)dt),
o] = cle),
dricre  — ali—ar?) gy + o(r)e—o(r%)e AW+
+ [ WAEZDED (1, dar) — F(der)t),
ré—r° ‘[0 to] = c(e)=c(0)
€ sto € )

for € # 0, where 7° denotes the solution for (6.1) with h = ¢(0). We can consider
those equations indeed as two SDEs in our sense. More precisely let

(6.3)

dri = a(r9)dt+o(r)dWy + [ (ro)(t, ) (u(dt, dx) — F(dz)dt),
r€|[0’t0] - 0(6),6 0 0 €,,.0 0
dA; _ a(eA+r 6)t—oz(r )t dt + o(eAHr 6)t—zf(r )t th+

+ [, 7(6N+T°)(t,;v)—v(ro)(tvw) (u(dt, dz) — F(dz)dt),
A = HO70)
[0,t0] € ’
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for € # 0, then this system of equations can be seen as two stochastic differential
equations. We can readily check that the Assumptions 3.3, 3.4, 3.5 are true for the
second SDE in (6.3) for every € # 0. Its solution is given by

e .0
(6.4) Ac="tTTE 4>,

€

We assume now that the maps «, ¢ and v admit directional derivatives in all
directions of C,q(R;). We denote those directional derivatives at the point r €
Caa(R4) into direction v € Cpq(Ry) by Da(r) e v, Do(r) e v and Dv(r) ev. By D,
we always mean the Fréchet derivative.

6.1. Assumption. We define the first variation process J(r) e w in direction w,
where w € Cyql0, o], to be the unique solution of the SDE

(6.5)
d(J(r)ew), = (Da(r)e(J(r)e U/))tdt + (Do(r) e (J(r)e w))tth_,_
(J(r) e w)] + [ (Dy(r) o (J(r) e w)) (¢, 2)(u(dt, dx) — F(dx)dt),
T)eW)lot] = W,

where r solves equation (6.1). We assume that Assumptions 3.3, 3.4, 3.5 are true
for equation (6.5). We assume furthermore that

ale(J(r)ew) +1) — afr)

o(e(J(r) e w

r
€
(J(r

Litg,00) = Dax(r) @ (J(r) @ w) L1 o),
+7)—o(r)

Lity,00) = Do(r) @ (J(r) @ w) L, o0,

e(J )
y(e(J(r) ew) + 1) — (1) L1y .00) = DY(r) @ (J(r) @ w) L, oo

€

as € — 0 in the respective spaces L*(\; H), L*(W; L3) and L*(u; H). The process r
denotes the solution of equation (6.1) and J(r) e w denotes the solution of the first
variation equation (6.5).

6.2. Proposition. Suppose that Assumptions 5.1, 5.2, 5.8 for equation

dA; _ a(eA5+r0€)t—a(r0)tdt+ a(eA6+r06)f,—a(rD)t th+
€ (0] 0
(6.6) + [ WRHE AT (1 (4t der) — F(da)dt),
A€ _ cle)=c(0)
[0,t0] € )

are valid in the obvious sense for ¢ # 0 in a neighborhood of 0, and assume that
Assumption 6.1 is fulfilled for w = ¢/(0) for a chosen curve of initial values € — c(€).
Then, for each T >ty we have the estimate

CI(O) _ 0(6) — C(O)

€

(6.7)  sup E[|(J(r) e w), — Af|’] < K1<
t€[0,T]

+ Cf) -0
[OrtU]

for e = 0, and if € — c(e) is even a curve in S%[0,to], then for each T > to we have
the estimate

(6.8)

E| sup II(J(r)-w)t—AEIIﬂ <Kz<
t€(0,T]

2
+C?| =0
520, o]

for e = 0. In particular, the map w — J(r)ew is linear and continuously depending
on w in the sense that for every T >ty we have

(6.9) ol E[|(J(r) e w), = (J(r) e w")*] < Killw —w"|[fp 1) — 0
€10,

FOECELU
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for variation of the initial value w™ — w € Caql0,to], and if € — c(e) is even a
curve in S2[0,to], then for every T > to we have

(6.10) E o 1(T(r) e w), = (J(r) e w")[|*| < Kallw —w"|[Z2p0,,) = 0

for variation of the initial value w™ — w € S?[0,to].

6.3. Remark. The notion C. is defined corresponding to (5.4) and K1, Ko according
to Proposition 5.6.

Proof. The assertion is a corollary of Proposition 5.6. Assumption 6.1 corresponds
precisely to Assumption 5.5, which is needed for the proof of Proposition 5.6. Note
that the “continuous” parameter € replaces the index n, which does not cause any
problems, since we do not speak about almost sure convergence results here. O

6.4. Remark. Fix a finite time T > tg and a curve of initial data € — c(e) €
Caal0,to] or € — c(e) € S2[0,t9]. Then, we can consider the curve of solution
processes € — 1¢ € Coq[0,T] or € — r¢ € S?[0,T], respectively. By Remark 5.7 we
already know that the solution map € — r¢ is continuous. Now, estimates (6.7),
(6.8) show that, subject to our previous assumptions, € — 1€ is also differentiable
with derivative € — J(r) o ¢'(€). Moreover, regarding the variation w — J(r) e w of
the initial value as a linear map Caa[0,to] — Caq[0, T] or as a linear map S?[0,to] —
S2[0,T), estimates (6.9), (6.10) show its continuity.

Considering the construction for all possible curves of initial values ¢ we can
define the first (and possibly higher) variation processes in a coherent way for all
variations of the initial values and also for variations of the process up to time
t by shifting F; to Fy. Properties of this variation process can be established by
considering the equation, which follows right from Proposition 6.2,

€
(6.11) re — 0 = / J(r) e (n)dn
0
and which reveals the true meaning of the first variation process.

7. SOLUTION CONCEPTS FOR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

When dealing with SPDEs there are several solution concepts, which we will
discuss in this section. The main difficulty is that solutions of SPDEs usually leave
the realm of semi-martingales and one therefore has to modify the usual semi-
martingale decomposition. The method of the moving frame, which will be pre-
sented in the next section, is a new approach how to handle this problem.

In this section, we review the well-known concepts of strong, weak and mild solu-
tions and show, how they are related. The proofs from [9] (or [27]) can be transferred
to the present situation, whence we keep this section rather short. The decisive tool
in order to prove Lemma 7.7 is an appropriate Stochastic Fubini Theorem with
respect to Poisson measures, which we provide in Appendix A.

Now let (St)i>0 be a Cy-semigroup on the separable Hilbert space H with infin-
itesimal generator A : D(A) C H — H. We denote by A* : D(A*) C H — H the
adjoint operator of A. Recall that the domains D(A) and D(A*) are dense in H,
see, e.g., [33, Satz VII.4.6, p. 351].

In this section, we are interested in stochastic partial differential equations of
the form
(7.1)

{ dre = (Arg+a(r)y)dt +o(r)dWe + [ ~y(r)(t, ) (p(dt, dz) — F(dx)dt)

r|[0,t0] = h
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where o : Coq(Ry) = Hp, 0 : Caqa(Ry) — (LY)p and v : Coq(Ry) — Hpge. Fix
to € Ry and h € Caq0, to].

7.1. Definition. A process r € Caq(R.) is called a strong solution for (7.1) if
we have T|jg4) = h, P(ry € D(A)) = 1, t > to, the relations A(rly, o)) +

a([r)1itg,00) € ﬁloc(A;H); o ([P Ljtg,00) € ‘Cloc(W;Lg)i V([P tg,00) € Line (s H)
and almost surely
t

g+ [ (Ar 4 a(ED))ds + [ olr])eaw,
e e

/ / wu(ds,dx) — F(dx)ds), t>tg.

7.2. Definition. A process v € Caq(Ry) is called a weak solution for (7.1) if
Tl[o to] — h a([r])]]'[tmoo) € ‘Clloc()‘;H)f O—([T])]]'[topo) € ﬁlzoc(W;Lg)7 7([7'])]]'[750,00) S
LE (w; H) and for all ¢ € D(A*) we have almost surely

(o) = (G o) + /<<A*<,rs> (¢ al[r])a))ds + / (€, o([r])s)dW,
(7.3) fo

/ AN s s, ) = Pideyds). > o

7.3. Definition. A process 1 € Caq(Ry) is called a mild solution for (7.1) if

Tl[O to] — h Oé([ ]) [to,00) € ‘ClOC(A;H)7 U([T])]]'[topo € ‘Cloc( 2)) ’Y([T])]]'[tmoo) €
L2 (u; H) and we have almost surely

t t
T = Stftohto + St,sa([r])sds + St,sa([r])deS
(7.4) fo fo

Jr/t0 /ESt—{Y([ﬂ)(S,f)(p(dS,dm) — F(dz)ds), t>to.

7.4. Remark. For all the three just defined solution concepts uniqueness of solutions
for (7.1) is, as in Definition 3.1, meant up to indistinguishability on the interval

[t()v OO)

7.5. Lemma. Letr € C,q(Ry) be a strong solution for (7.1). Then, r is also a weak
solution for (7.1).

Proof. For all ¢ € D(A*) we have

(€)= (Cohu) + / (¢, Ary + a(fr])a)ds + / (¢ o([r]))dW,s

to
/ / ¢,y x))(pu(ds,dx) — F(dz)ds), t>tg
implying that r is also a weak solution for (7.1), because (¢, Ah) = (A*(, h) for all
h € D(A). 0

7.6. Lemma. Let r € Coq(Ry) be a weak solution for (7.1). Then, r is also a mild
solution for (7.1).

Proof. Let T >ty be arbitrary. As in the proof of [27, Thm. 9.15] we show that

(g(t);re) = (g(to), hty) + /t ((g'( )+ A*g(s), s>+<9(8),a([r])s>)ds
*/t (g(s), o(lrl)s)dWs + / / @) (u(ds, dx) - F(dx)ds)
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for all g € C([tg, T); D(A*)) and t € [to, T]. For an arbitrary t > to and an arbitrary
¢ € D(A*) we apply this identity to g(s) := S;_.(, s € [to, t], which yields that the
process 1 is also a mild solution for (7.1). O

7.7. Lemma. Letr € Caa(Ry) be a mild solution for (7.1) such that o([r])1}, ) €
L2(W; LY) and y([r]) 1y, 00) € L*(u; H). Then, v is also a weak solution for (7.1).

Proof. We proceed as in the proof of [27, Thm. 9.15]. The change of order of inte-
gration for the stochastic integrals with respect to the compensated Poisson random
measure is valid by the Stochastic Fubini Theorem A.2 provided in Appendix A. O

8. EXISTENCE AND UNIQUENESS OF MILD AND WEAK SOLUTIONS FOR
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

In this section we introduce the method of the moving frame, which has been
announced in the introduction. Loosely speaking we apply a time-dependent coor-
dinate transformation to the SPDE such that “from the point of view of the moving
frame” the SPDE looks like an SDE with appropriately transformed coefficients.
The method is in contrast to the point of view, that an SPDE is a PDE together
with a non-linear stochastic perturbation. Here we consider an SPDE rather as
a time-transformed SDE, where the time transform contains the respective PDE
aspect.

We apply this method for an “easy” proof of existence and uniqueness in this gen-
eral setting. The key argument, which allows to apply the method, is the Szokefalvi-
Nagy theorem, which has been brought to our attention by [17]. We emphasize that
in our article we do not need a particular representation of the Hilbert space involved
in the Sz&kefalvi-Nagy theorem (see the subsequent remark). The Székefalvi-Nagy
theorem is a “ladder”, which allows us to “climb” towards several new assertions,
but which is not necessary to understand the statements of those assertions.

During this section, we impose the following assumption.

8.1. Assumption. There exist another separable Hilbert space H, a Co-group (Uy)ier
on H and continuous linear operators £ € L(H,H), m € L(H, H) such that the di-
agram

H Py

[

H-—2 5 H
commutes for every t € Ry, that is

(8.1) Ul =5y forallt e R,.
In particular, we see that wf = Id.

8.2. Remark. In the spirit of [31], the group (Uy)icr is a dilation of the semigroup
(St)e>o0-

8.3. Remark. Assumption 8.1 is not only frequently fulfilled, which seems surpris-
ing at a first view, but it is also possible to describe the respective Hilbert space H
more precisely. Take for instance a self-adjoint strongly continuous semigroup of
contractions S on the complex Hilbert space H, then — as a part of the Székefalvi-
Nagy theorem — the map t — S|y, where the semigroup is extended by S_; := Sy for
t > 0, is a strongly continuous, positive definite map, i.e. for all Y1, ... ¥, € H and
all real times tq,...,t, the matriz (<S|ti_tj‘t/)i,1/)j>) is positive definite. A positive
definite map with values in bounded linear operators can be considered as character-
istic function of a vector-valued measure n taking values in positive operators on H.
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One can define the Hilbert space H = L?(R,n; H), i.e. the space of square-integrable
H -valued measurable maps f, such that the integral

/R (), (dz) f(z)) < o0

is finite. H can be embedded via the constant maps f(x) = h for h € H and x € R
and the semigroup U is defined via

Ui f(x) = exp(itz) f(z)
fort,xz € R. Consequently, more precise analysis of the respective generator of S on

H can be performed. Details of the previous considerations and impacts on SPDEs
will be presented elsewhere.

According to Proposition 8.7 below, Assumption 8.1 is in particular satisfied if
the semigroup (S;):>0 is pseudo-contractive.

8.4. Definition. The Cy-semigroup (Si)i>o is called pseudo-contractive if there
erists w € R such that

(8.2) [1Se]] < e, t>0.

8.5. Remark. Sometimes in the literature, e.g., see [26], the notion quasi-contractive
is used instead of pseudo-contractive.

8.6. Remark. By the theorem of Lumer-Phillips, a densely defined operator A
generates a pseudo-contractive semigroup (Si)i¢>o0 with growth estimate (8.2) for
some w > 0 if and only if A is w-m-dissipative, that is, A — w is dissipative, which
means

(8.3) (Ah,h) < wl||h||* for all h € D(A),

and there exists A > 0 such that A+ w — A is surjective. For example, consider the
Hilbert space H = L?(0,00) and the Laplace operator A = A defined by Ah = h"
on the Sobolev space D(A) = HE(0,00) N W2(0,00). Then, A is densely defined,
because C§° (0, 00) is dense in L?(0,00). Let us check the dissipativity of A. For h €
H(0,00)NW?2(0, 00) choose a sequence (pn)nen C C5°(0, 00) with |h—onllgz — 0.
By integration by parts, we have
<h//,h>L2 = lim <h”,(pn>L2 = — lim <h/,(p;l>L2 = —<h/,h/>L2 < 0,
n— oo

n— o0

showing (8.3) withw = 0. For A > 0 and f € L*(0,00) there exists a unique solution
h € H}(0,00) N W?2(0,00) of the second order differential equation

Ao — Ah = f,
see [23, Thm. 8.2.7]. Hence, A\ — A is surjective.

For every Cp-semigroup (S;)¢>o there exist constants M > 1 and w € R such
that

(8.4) 1Se]] < Me*t, t>0

see, e.g., [33, Lemma VII.4.2]. Hence, in other words, the semigroup (S¢)i>o is
contractive if we can choose M =1 and w = 0 in (8.4), and it is pseudo-contractive,
if we can choose M =1 in (8.4).

Every Cy-semigroup is not far from being pseudo-contractive. Indeed, for an
arbitrary s > 0, we have, by (8.4), the estimate

[Se]| < et > s

where we have set w(s) := % + w. Nevertheless, there are Cy-semigroups, which

are not pseudo-contractive. For a counter example, we choose, following [12, Ex.
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1.5.7.iii], the Hilbert space H := L?(R) and the shift semigroup (S;);>0 with jump,
defined as

Suh(a) e { @+, €40
! " | h(z+t), otherwise

for h € H. Then (S;)¢>0 is a Cp-semigroup on H with |[S¢|| = 2 for all ¢ > 0,
because ||S;1,4ll = 2/ Lo,4]|-

However, many semigroups of practical relevance are pseudo-contractive, and
then the following result shows that Assumption 8.1 is satisfied.

8.7. Proposition. Assume the semigroup (S;)i>o0 is pseudo-contractive. Then there
exist another separable Hilbert space H and a Cy-group (Us)rer on H such that (8.1)
is satisfied, where £ € L(H,H) is an isometric embedding and 7 := {* € L(H, H)
is the orthogonal projection from H into H.

Proof. Since the semigroup (S):>0 is pseudo-contractive, there exists w > 0 such
that (8.2) is satisfied. Hence, the Cyp-semigroup (7}):>¢ defined as T} := e “'S;,
t € Ry is contractive. By the Székefalvi-Nagy theorem on unitary dilations (see
e.g. [31, Thm. I1.8.1], or [10, Sec. 7.2]), there exist another separable Hilbert space
‘H and a unitary Cp-group (V;)icr on H such that

Vil =T, forallte Ry,

where ¢ € L(H,H) is an isometric embedding and the adjoint operator m := £* €
L(H, H) is the orthogonal projection from # into H. Defining the Co-group (Uy)ter
as Uy := e“'V;, t € R completes the proof. (I

We suppose from now on Assumption 8.1. There exist constants M > 1 and
w € R such that

(8.5) |U|| < Me*™, teR

see [12, p. 79]. Now let a : Caa(Ry) — Hp, 0 : Caa(Ry) — (LY)p and v :
Caa(Ry) — Hpge be given. We suppose that Assumptions 3.3, 3.4, 3.5 are sat-
isfied.

In order to solve the stochastic partial differential equation (7.1), we consider
the H-valued stochastic differential equation

56 { dR, = &(R)udt +5(R)dW; + [, 3(R)(t, ) (u(dt, dz) — F(dz)dt)
Rljot) = hy

where tg € Ry and h € Caq([0,%0]; H), and where & : Coq(Ry;H) — Hp, 7 -

ol;
oN (R+, H) = Hpge are defined as

Cad(R+; H) — LQ(UO,H) and ’7

(8.7) &(R); : ta(rU™ R),,
(8.8) G(R), :=U™ éa(7rU °R)q,
(8.9) F(R)(t, x) := Uy (rUP R)(t, x).

In the above definitions, we have used the notation
Utftoa t Z tO
Ule :=<{1d, t € (—to, o)
Utg+t, t < —to

and TU R € Caq(Ry; H) denotes the process (tU%R); := 7wU{° Ry, t > 0. Note
that &, 7,7 indeed map into the respective spaces of predictable processes, because
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(t,h) — Uih is continuous on R x H, see, e.g., [33, Lemma VIL.4.3]. By (8.5), they
also fulfill Assumptions 3.3, 3.4, 3.5, where the function L is replaced by

(8.10) L(t) ~ 0[(Ljo,40) + M2e20= 1001, V|| L(t), >0

According to Theorem 3.11, for each h € Caq([0, to]; H) there exists a unique solution
R € Caa(Ry;H) for (8.6) with cadlag paths on [tg, 00), and it satisfies

(8.11) IE[ sup ||Rt||2] < oo forall T > tg.
t€(to, T

8.8. Theorem. Suppose that Assumptions 3.3, 3.4, 3.5 and 8.1 are fulfilled. Then,

for each tg € Ry and h € Caq[0,t0] there exists a unique mild and weak solution

r € Caa(Ry) for (7.1) with cadlag paths on [tg,00), and it satisfies (3.19). The

solution is giwen by r = wU"R, where R € Coqa(Ry;H) denotes the solution for

(86) with R|[O,t0] = (h.

Proof. Let tg € Ry and h € C,q[0,tg] be arbitrary. The H-valued process r :=
7U R belongs to Caq(Ry), it satisfies (3.19) by virtue of (8.11), and it has also
cadlag paths on [tg, 00), because (t,h) — U;h is continuous on Ry X H, see, e.g.,
[33, Lemma VII.4.3]. Using (8.1) we obtain r|j,] = 7fh = h and almost surely

Tt = (WUtOR)t = WUt—tht

t t
= U4, <Eht0 Jr/ Uto_sﬂoz(ﬂ'Ut“R)sds+/ Uto_sfa(ﬂ'Ut“R)stVs

to to

¢
—l—/ / Uy —sly(mU™ R) (s, z)(p(ds, dz) — F(dw)ds))
to JE
¢ t
:St—tohto +/ St_SOé(T)SdS+/ St_SO'(T‘)SdWS
to to

4—/t0 /ESt—sV(T)(S,x)(u(ds,dz) — F(dz)ds), t>to

showing that r is a mild solution for (7.1). By virtue of Lemma 3.9 we have o(r) €
L2(W; LY) and ~(r) € L?(u; H). Applying Lemma 7.7 proves that r is also a weak
solution for (7.1).

For two mild solutions 7,7 € Caq(R4) of (7.1), which are cadlag on [tg,00), and
an arbitrary T' > tg, by using Holder’s inequality, the It6-isometries (2.1), (2.3) and
the Lipschitz conditions (3.7), (3.8), (3.9), the inequality

7 =7l = sup Elflrs — 7]
s€E€[to,t]

t

< 3M262M(T7t0)(T —to + 2) / L(U)QHT - f”[ztom]dv’ te [t07 T}
to

is valid, where M > 1 and w € R stem from (8.5). Using the Gronwall Lemma

and the hypothesis that  and 7 are cadlag on [tg,c0), we conclude that r and 7

are indistinguishable on [tg,00). Taking into account Lemma 7.6, this proves the

desired uniqueness of mild and weak solutions for (7.1). g

8.9. Remarks.

(1) The idea to use the Szdkefalvi-Nagy theorem on unitary dilations in order
to overcome the difficulties arising from stochastic convolutions, is due to
E. Hausenblas and J. Seidler, see [17] and [16].

(2) Imposing Assumptions 3.3, 4.1, 4.2 and 8.1 we obtain the LP-version of
Theorem 8.8.
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8.10. Remark. Another interpretation of Theorem 8.8 is the following: it is well
known that generic mild (or weak) solutions of SPDEs (7.1) are not Hilbert space
valued semi-martingales due to lack of regularity in time of the finite variation part.
However, our method shows that we can decompose every mild (or weak) solution
as ry = U4, Ry, t > to where R is a semi-martingale, U a strongly continuous
group and 7 the orthogonal projection due to Assumption 8.1.

9. STABILITY AND REGULARITY OF STOCHASTIC PARTIAL DIFFERENTIAL
EQUATIONS

We shall now deal with stability and regularity of stochastic partial differential
equations of the kind (7.1). Stability and regularity results for SPDEs can also
be found in [1] and [26]. Here, we can easily transfer the results on stability from
Section 5 and on regularity from Section 6 to SPDEs by the method of the moving
frame. For stability results, we provide the details in this section.

As in Section 8, we suppose Assumption 8.1 and that « : Cha(Ry) — Hp,
o0 : Caa(Ry) — (LY)p and v : Cog(Ry) — Hpge fulfill Assumptions 3.3, 3.4,
3.5. For each n € N, let a, : Coq(Ry) — Hp, 0y : Cag(Ry) — (L9)p and 7, :
Caa(Ry) — Hpge be such that Assumptions 5.1, 5.2, 5.3 are fulfilled. Furthermore,
let tg € Ry, h € Caq[0,t0] and for each n € N let h™ € C,q[0,t0] and B,, € &€ be
given.

According to Theorem 8.8, there exists a unique solution r € Coq(R4) for (7.1)
with 7]j0.+,) = h with cadlag paths on [to, c0) satisfying (3.19), and for each n € N
there exists a unique solution r™ € Coq(R4) for

dry = (Arf + a(r™))dt + o(r™) dWy
+ [, 7(r™)(t, x)(u(dt, dz) — F(dz)dt)
7“n|[0,t0] — hn

with cadlag paths on [tg, 0o) satisfying E[sup,c(,, 1 [|77']|*] < oo for all T > t,. We
suppose that Assumption 5.5, in which r € C,q(R4) denotes the mild and weak
solution for (7.1), holds true.

9.1. Proposition. Suppose that Assumptions 3.3, 3.4, 3.5, 5.1, 5.2, 5.8, 5.5 and
8.1 are fulfilled. Then, there exist maps K1, Ko : Ry — Ry, only depending on the
Lipschitz function L, such that the following statements are valid:

(1) If A™ — h in Caal0, to], then for each T >ty we have the estimate
(9.1) tSUPT] Eflre = v IP] < K (b = h"[[fo 40 + C) =0 forn — oo,

)

where K1 = K1(T') and Cy, = C,(T,r) is defined in (5.4).
(2) If even h™ — h in S?[0,t0], then for each T > to we have the estimate

(9.2) E| sup [re—rp|?| < Ka(||h— h"||2sz[01t0] +C2) =0 forn— oo,
te[0,T]
where Ko = Ko(T') and Cp, = C, (T, r) is defined in (5.4).
Proof. We define & : Caq(Ry;H) = Hp, ¢ 1 Caa(Ry;H) — La(Up, H)p and 7 :
CaaRi;H) — Hpee by (8.7), (8.8), (8.9). Moreover, for each n € N, we define
an : Cad(RysH) = Hp, 65 2 Caa(Ry;H) — La(Up,H)p and 7y, ¢ Caa(RysH) —
Hpoe as

dn(R)t = Uiotgan(’ﬂ'UtoR)h
Gn(R)s := U lo, (rU R);,
An(R)(t,2) := Uy, (tU R)(t, x).
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According to Theorem 8.8, we have r = tU" R, where R € Coq(R;H) denotes the
solution for (8.6) with Rlj ) = ¢h, and for each n € N we have " = nU"R",
where R™ € C,q(R; H) denotes the solution for
{ dR} = @&(R")dt+ 6(R™)dW: + an F(R™)(t, x)(u(dt,dz) — F(dx)dt)
R4 = (™.
By (8.5), the coefficients &, &, and &, 0, Y, 7 € N fulfill Assumptions 3.3, 3.4,
3.5, 5.1, 5.2, 5.3, where the function L is replaced by (8.10). Moreover, by (8.5), for

each n € N we have
(9.3)

ety = (5| /T a1 = i (.|

T
+1E/t &([R])s_&n([R])SH%Z(UO,H)dS}

[ [ [ 1R 6. (B s, Pl s

to

S %
~ S, T 2 x)ds e‘*’(T*to) r
vB[ [ e R@nn]) < e, m

for all T > to. In particular, Assumption 5.5 is fulfilled for &([R]), 6([R]), ¥([R])
and &, ([R]), dn([R]), An([R]), n € N. If h™ — h in Caql0, o], then by applying
Proposition 5.6 and noting (8.5) and (9.3), for each T' > t(, we obtain the estimate

sup E[l|r, —rf'||’] < |lx|?M2e*(T7") sup E[||R, — R}
te[0,T] t€[0,T]

< |wlP M2 T Ky (T) (||h = B[y 1) + Cn (T, R)?)
< ||7TH2M262w(T7t0)K1 (T)(Hh _ hn||[20,t0] + ||£||2M262M(T7to)cn(T’ 7,)2) 0

for n — oo, where the map K; : Ry — Ry stems from Proposition 5.6, showing
(9.1). Analogously, if h™ — h in S?[0, o], we get (9.2). O

By Proposition 9.1, the statement of Remark 5.7 concerning the Lipschitz con-
tinuity of the solution map h — " is also valid for SPDEs.

Analogously to stability results also the results on regularity can be transferred
to SPDEs by the method of the moving frame. The arguments of Section 6 can be
transferred literally. The same arguments hold true for LP-estimates.

10. STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS WITH STATE DEPENDENT
COEFFICIENTS

In this section, we deal with stochastic partial differential equations with state
dependent coefficients, which may depend on the randomness w, the time ¢ and
finitely many states of the path of the solution. As we shall see, this is a special
case of the framework from Section 8.

Let K e Nand 0 < §; < ... < dg < 1 be given. Moreover, let « : QXR+><HK —
H,o: QxR x HX — LY be PoB(HE)-measurable and v : QxR x HE xE — H
be P ® B(H¥) @ £-measurable.
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10.1. Assumption. Denoting by 0 € HX the zero vector, we assume that
t = Eflla(t, 0)]%] € Ligo(R4),
t = Elllo(t,0)]75] € Lioc(R+),

08| [0, € ch®y)

10.2. Assumption. We assume there is a function L € L2 (Ry) such that almost
surely

K
lau(t, ha) = a(t, ho)|| < L(t) Y [|P4 — ha|l,

=1

K
lo(t,ha) = o(t ho)ll g < L(t) Y [IA5 — hall,
i=1

(Lt s olPran ) < 263 s - 1)

for allt € Ry and all hy,hy € HX.

10.3. Corollary. Suppose that Assumptions 8.1 and 10.1, 10.2 are fulfilled. Then,
for each tog € Ry and h € Caq[0,t0] there exists a unique mild and weak solution
r € Caqa(Ry) for

d’l"t = (A’f’t +a(t,’l°51t,...77’5Kt))dt+0'(t77’51t7...,7"5Kt)th
(101) + fE ,Y(ta Toit—s - s Tot—» .’I?)(M(dt, dl‘) - F(dl‘)dt)
T’|[0,t0] = h

with cadlag paths on [ty, 00), and it satisfies (3.19).

Proof. For every r € Caq(Ry) let Pr € Caa(Ry) be a predictable representative
of r, which, due to [9, Prop. 3.6.ii], always exists. Now, we define the maps & :
Cad(R+) = Hp, 6 : Caa(R4) = (L3)p and 7 : Caa(Ry) — Hpge by

a(r)i(w) == alw, t,Prse(w), ..., Price(w)), (w,t) € Q@ xRy

&(r)t(w) = U(w7 i, pr61t(w)7 s 7pT5Kt(w))7 (wa t) € x R-‘r

) (1) () = (w0, £, Prse(@), - Proe(@), 3),  (w,t,2) € QX Ry x E.

Note that for a predictable process (r;);>0 and an arbitrary 0 < § < 1 the process
(rse)i>0 is predictable, too. Hence, &, &, 4 indeed map into the respective spaces
of predictable processes, because «, o are P ® B(HX)-measurable and v is P ®
B(HX) ® E-measurable. Assumption 3.3 holds true by the definition of &, &, ¥ and

Assumption 3.4 is satisfied by Assumption 10.1. Using Assumption 10.2, for all
t € Ry and all r!,7r? € Cuq(Ry) we obtain

Efla(): — a(2)ll?) = Ellatt,rb oo orh ) = alt, 2o 12 I
K 2 K

< L<t>2E[(Z Ik, — 5|) ] < KL S Eflrk, — 2,2
=1 =1

<KL max Blrk —rd,l2 < KL -2 .

An analogous argumentation for ¢ and v proves that Assumption 3.5 is fulfilled.
Applying Theorem 8.8, there exists a unique mild and weak solution r € Caq(Ry)
for (7.1) with cadlag paths on [tg, 00) satisfying (3.19). For every T > t; we have,
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by using Assumption 10.2, and since each path of r has only countably many jumps
on the interval [tg, T,

T
IE[/ / Iyt Progey ooy Propcts @) — V(b Togtms v o vy Fogetes x)||?F (dx)dt

gL [ (Eyw“—mtD]ﬁ<K§l/ £)°|lrs,e — rse—||?]dt

—KZEU 12| A, dt} _o.

Therefore, y(t,P7s, ¢, - -, PTost, ©) L[y ,00) a0d Y(E, 76,65 - - - To et — ) L[z, 00) cOINcide
in the space L?(u; H). Consequently, the process 7 is also the unique mild and weak
solution for (10.1). O

As a particular case, we now turn to the Markovian framework. Let o : Ry X H —
H,o0:Ry x H— LY and v: R, x H x E — H be measurable.

10.4. Assumption. We assume that
t = [la(t,0)]| € Lo (R+),
t [lo(t,0)llog € Lioe(Ry),

trs [ n(t.0.0) P F(ds) € Lh ()
E
10.5. Assumption. We assume there is a function L € L2 (Ry) such that

llev(t, hy) — et ho) || < L(t)[|ha = hal|,
lo(t,h1) = a(t; ha)llLg < L(#)[|h1 — hal,

2
(/Wwwhh@vammmwam) < L(t)[[hn — o
E
for allt € Ry and all hy,he € H.

10.6. Corollary. Suppose that Assumptions 8.1 and 10.4, 10.5 are fulfilled. Then,
for each hy € L2(Q, Fo,P; H) there exists a unique cadlag, adapted, mean-square
continuous mild and weak solution (r¢)i>o for

{ dry = (Ary+ a(t,r))dt + o(t, re)dWs + fE y(t, i, ) (p(dt, dx) — F(dz)dt)
ro = ho,

and it satisfies (3.19).

Proof. The assertion follows from Corollary 10.3 with K =1, =landty =0. O

We close this section with the time-homogeneous case. Let « : H - H, 0 : H —
LY and v : H x E — H be measurable.

10.7. Assumption. We assume [, [|7(0,2)|*F(dz) < cc.

10.8. Assumption. We assume that there is a constant L > 0 such that
la(h1) — alhe)|| < Ll[h1 — hal|,
o(h1) = o(h2)||Ly < Ll[h1 — hal|,
%
([ 1n0.2) = (ke 2)F (@) < Ll = o]
E
for all hy,hs € H.
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10.9. Corollary. Suppose that Assumptions 8.1 and 10.7, 10.8 are fulfilled. Then,
for each hg € L2, Fo,P; H) there exists a unique cadlag, adapted, mean-square
continuous mild and weak solution (r¢);>o for

{ dry = (Arg+a(r))dt + o(r)dWy + [ y(re—, z)(p(dt, dz) — F(dx)dt)

ro = ho,
and it satisfies (3.19).

Proof. The statement is an immediate consequence of Corollary 10.6. (|

10.10. Remark. An analogous reasoning also provides the corresponding LP -versions

of Corollaries 10.3, 10.6 and 10.9.

10.11. Remark. The time-inhomogeneous case can be considered by an extension
of the state space from H to R x H. However, one has to pay attention at the
boundary points of the interval [0, T], where the vector fields have to be extended to
the whole real line. Nevertheless we shall consider in the setting of our numerical
applications the time-homogeneous case as the most characteristic one for all further
applications.

11. HIGH-ORDER (EXPLICIT-IMPLICIT) NUMERICAL SCHEMES FOR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS WITH WEAK CONVERGENCE ORDER

We sketch in this last section high-order explicit-implicit numerical schemes for
stochastic partial differential equations with state-dependent coefficients as intro-
duced in Section 10. In this section (and only here) we will actually use that the
Wiener process and the Poisson random measure are independent, see Section 2.5.
By the stability results from Section 9 we can reduce the problem to simpler driving
signals, namely a finitely active Poisson random measure and to a finite number
of driving Wiener processes. We apply the results of [5] for the time-dependent
SDE, which — due to the “method of the moving frame” — can be transferred to the
general SPDE case. Our main focus here is to work out so-called cubature schemes,
extended by finite activity jump parts, for time-dependent SDEs and therefore —
by the method of the moving frame — for SPDEs. This also allows for high order
numerical approximation schemes. Notice that cubature schemes are very adapted
to SPDEs, since every local step can — in contrast to Taylor schemes — preserve
the regularity of the states. Additionally a simple complexity analysis in the case
of SPDEs yields that having a small amount p of local high order steps is cheaper
than having a large amount p of local low order steps. The reason is that every
local step means practically to solve a PDE numerically.

For this purpose we apply the respective notions from Section 7, 8 and 10 in
order to formulate our conditions on the vector fields. Having the stability results
of Section 9 in mind we do assume finite activity of the Poisson random measure,
i.e. F(E) < oo and a finite dimensional Wiener process. Notice that this also allows
for a statement on the rate of convergence to the original equations with possibly
infinitely active jumps and infinitely many Brownian motions.

We consider here SPDEs of the type

(11.1)
dri = (Ary+a(ry))dt + o(r)dWy + [, y(re—, 2)(u(dt, de) — F(dx)dt)
ro € H

Let T > 0 denote a time-horizon. As in Section 10 we introduce measurable maps
a:H—H,o0:H— LYandy: Hx E— H and define maps a : [0,7] x H — H,
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c:[0,T)xH —Hand 7:[0,T] x H x E — H defined as
a(t,R) := U_la(wUsR), t€[0,T)
( ) = th(TFUtR) te [0, T]
A(t, R, x) :=U_by(nU,R,x), (t,x)€[0,T]x E.
11.1. Assumption. Fiz m > 2 (a degree of accuracy for the high order scheme)

and T > 0. We assume that for the vector fields &, &, 4 there is a constant M > 0
such that for every radius C; > 0 we have

sup |9l a=act, b < MO,
te[0,T], heH,||h|| <C1
sup |0F1 0425 (t, h) | gy < MCYY,

t€[0,T], heM,||h||<Cy

swp [ 089l (0 b P F(de) < b
te[0,T], heH, || h]|<Cy

holds true for all k1 + ko < m+ 1. In words, the growth of derivatives of the time-

dependent vector fields up to order m + 1 is polynomial in the radius of order ki,

when ki denotes the order of the time derivative.

11.2. Example. Typical examples for vector fields satisfying Assumption 11.1 are
those of functional form (as applied in [13]), i.e., choose a smooth map with all
derivatives bounded ¢ : R™ — D(A>), where A denotes the infinitesimal generator
of U, and choose &1,--- ,&, € D((A*)>®), then

(11.2) a(t,h) = U_lp({&r, wULRY, - -+, (&, TULRY)
for h € H satisfies Assumption 11.1 for every m > 2.

11.3. Remark. As outlined in [32] the previous assumptions imply Lip(m + 1)-
conditions on the ball with radius Cy for the corresponding time-dependent vector
fields &, 5,7. This has an important meaning for the extension of our theory towards
rough paths, see [32].

11.4. Remark. The Assumption 11.1 leads to global existence and uniqueness of the
corresponding time-dependent stochastic differential equations and the correspond-
ing SPDEs (11.1). Due to the finite activity of the jump process the conditions also
lead to existence of moments of any order of the solution process.

We do first assume v = 0, such that we find ourselves in a pure diffusion case.
Furthermore we have assumed that the driving Wiener noise is finite dimensional, in
other words we can write the stochastic partial differential equation in the moving
frame and on the extended phase space R x H:

d

(11.3) dR, = (s, Ry)dt + Y &i(s, Ry)dW{, ds = dt,
i=1

(114) Ro =T, So = 0.

Let us fix m > 2. Notice that the Assumption 11.1 implies Assumptions 3.4
and 3.5, in particular the vector fields are (m + 1)-times differentiable in all vari-
ables. This allows us to state the standard result on short-time asymptotic for the
stochastic differential equation (11.3).

‘We now apply the notations for iterated stochastic integrals; i.e., the abbreviation

Wt(“"”’zk) = / ochtzl1 ©+r 0 thl:
0<t1 <<t <t )
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is short for iterated Stratonovich integrals, where we apply odW} = dt. Notice also
the degree mapping

deg(il, cee 7ik) =k —l—card{j | i = ()}7

which counts any appearance of 0 in the multiindex (iy, . .., i) twice, since odW? =
dt comes with twice the order of short time asymptotics than a Brownian motion.
This is also the reason for the particular structure of the Assumptions 11.1. Recall
also that any vector field o can be interpreted as a first order differential operator
on test functions f by

(cf)(x)=Df(x) o(x), =€ H,
which will be applied extensively in the sequel.

11.5. Theorem. Let g : R x H — R be a smooth function with all derivatives
bounded. Then we have the following asymptotic formula,

(11.5)
g(t7Rt) = Z (611 "'6ikg)(07R0)Wt(““”7lk) +Rm(tang0)v RO S Ha
deg(i1,...,ix)<m
with
(11.6)
VE(Bm(t, g, Ro)?) < Ct"“ max sup VE(|Bi, - Birg(Re, 5)]?) <
m<deg(ii,...,ix) <m+2 0<s<t
(11.7) <M sup sup E(||R||™) < oo,

2k1<m+10<s<t
where M is a constant derived from Assumption 11.1.

Proof. The proof is a direct consequence of the results of [5, Prop. 3.1], where one
additionally observes the necessary degrees of differentiability which are needed
for the result. Notice in particular that the remainder term stays bounded due to
the conditions of Assumption 11.1, in particular due to polynomial growth of the
derivatives of at most order m + 1 and the existence of moments up to order m + 1
of the solution process. O

11.6. Example. We formulate the short-time asymptotic formula in the case m = 2
by taking the definitions of the vector fields By, ..., B4 and a smooth test function
g:H — R, which does not depend on the additional (time-)state s, then

d
9(Re) =g(Ro) + Bog(Ro)t + Y _ Big(Ro)W;+

=1

d
3" BiBig(ROW + 0(t3)

ij=1

d
=g(Ro) + Dg(Ro) ® o Ro)t + Z Dg(Rqo) @ oi(Ro) Wi+
d 2

+ ZDQ(RO) e (Do;(Ry) e Ji(RO))M

‘ 2 *
i=1

d
+ Y Dg(Ro) e (Dai(Ro) @ 05 (Ro)) W™ + O(t3)
i#j=1
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fort > 0, Ry € H. Heading for a strong Euler-Maruyama-scheme the previous
formula yields — formally evaluated for g = id — the first iteration step from 0 — t

d
Ry = R+ a(Ro)t + Y 0i(Ro)W;.

=1

For the next step in the iteration we need the asymptotic expansion at time t and
therefore also the vector fields &, & appear at time t, namely

d
Ri— R; + d(t7 Rt)t + Z 51(t7 Rt)Wtz
i=1

However, when one transfer the iteration of these two steps via wUss to H the
described cancellation happens and one obtains the two-fold iteration of the time-
homogeneous scheme

d
o > StT'() + Sta(T'())t + Z StO'i(T'o)Wti.

i=1

Notice that this scheme s implicit in the linear PDE-part and explicit in the sto-
chastic components and the non-linear drift component. Notice also that the weak
convergence order 1 is obtained if the Assumptions 11.1 for m = 2 are satisfied for
smooth test functions with all derivatives bounded.

As explained in the literature, for instance in [5] or [19], we can derive high-
order schemes (strong or weak) from the given short time-asymptotic expansion.
The weak order of convergence — given a short-time asymptotics of order £ s
then mT’l Therefore we obtain high-order Taylor schemes for the time-dependent
system (11.3). However, even though possible, those Taylor schemes are usually
not interesting — except for the case m = 2 — since one has to work at each step
with time derivatives of the vector fields, which corresponds to working with the
infinitesimal generator of the semigroup.

11.7. Example. Consider a vector field & of functional form (11.2), then appar-
ently the time-derivative of the vector field, which appears in the stochastic Taylor
expansion for m > 3, has the formula

0 _ % *
ag(tv R) = DO(<€177TUt>a Tty <§7la ﬂ-Ut>) 4 (<7TA 517 Uth>a Tty <7T'A €n7 Uth>)a
which contains the infinitesimal generator and which is linearly growing in h.

We present here a method to circumvent the problem that in each local step the
infinitesimal generator appears, namely the cubature method: its implementation
and structure work in the case of Hilbert space valued SDEs of type (11.3) in
precisely the same way as in the finite dimensional case (see for instance [5] for
details), since we do not have to deal with the unbounded infinitesimal generator.
Convergence of global order mT_l follows from Assumption 11.1 on any bounded
set. On the other hand, each local time step does not contain derivatives of the
vector fields in question, and preserves therefore the regularity of the state vector.
We need one analytical preparation for this, namely the following lemma which tells
that — under Assumption 11.1 — we can suppose that on each bounded set there is

a Lip(m + 1)-extension of the vector fields on the whole extended phase space.
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11.8. Lemma. Define vector fields B; on the extended phase space [0, T] x H by the
following formulas:

d
(11.8) Bo(s,R) = (1,a(s,R) — % Z Dé;(s,R) e (s, R)),
(11.9) Bi(s,R) = (0,64(s, R)),

fori=0,...,d. Then for each C we find vector fields ﬁgl yenn ,ﬁgl which conincide
with the previous vector fields on the ball with radius Cy but are Lip(m + 1) on the
whole extended phase space R x H.

Proof. This is due to the fact that on balls with radius C; + 1 even the vector fields
B; satisfy a Lip(m + 1) condition. Multiplying with a bump function being equal to
1 on the ball of radius C; and vanishing outside a ball of radius Cy + 1 yields the
result. O

In the rest of the section we develop the necessary terminology for cubature
methods: Theorem 11.5 shows that iterated Stratonovich integrals play the same
role as polynomials play in deterministic Taylor expansion. Consequently, it is nat-
ural to use them in order to define cubature formulas. Let Cy,([0,1]; R?) denote
the space of continuous paths of bounded variation taking values in R%. As for the
Brownian motion, we append a component w’(t) = t for any w € Cy,([0,]; R?).
Furthermore, we establish the following convention: whenever r; is the solution to
some stochastic differential equation driven by Brownian motions W, whether on
a finite or infinite dimensional space, and w € Cj,([0,t]; R?), we denote by r:(w)
the solution of the deterministic differential equation given by formally replacing
all occurrences of “odW¢” with “dw(s)” (with the same initial values). Note that it
is necessary that the SDE for r is formulated in the Stratonovich sense (recall that
the Stratonovich formulation does not necessarily make sense). With the following
simple lemma we see that time dependent coordinate transforms commute with the
procedure of replacing Brownian motions by deterministic trajectories.

11.9. Lemma. Letw : [0,T] — R? be a continuous curve with finite total variation.
Then the time-dependent ordinary differential equation

d
(11.10) dR;(w) = (a(t, Ry(w)) — % > Déi(t, Ri(w)) @ 6i(t, Ri(w)))dt+
i=1
d
(11.11) +3 0 6i(t, Ry(w))dw'(t), Ro = 7o,
i=1

driven by w instead of the finite dimensional Wiener process W, has a strong solu-
tion, which transfers via ri(w) = 71Uz R¢(w) to a mild solution of

(11.12)

d d
dri(w) = (Ary(w) + ary(w)) — % Z Doi(ri(w))ec;(ri(w)))dt + Z o (re(w))dw'(t).
i=1 =1

Having in mind that one replaces Brownian motion W by a finite set of de-
terministic curves appearing with certain probabilities, we have to keep track of
necessary moment conditions for (high-order) weak convergence, which is done in
the following definition:

11.10. Definition. Fiz t > 0 and m > 1. Positive weights A1,..., ANy summing
up to 1 and paths wy, . ..,wn € Cyy([0,t];RY) form a cubature formula on Wiener
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space of degree m if for all multi-indices (iy,...,i;) € A with deg(iy,...,ix) < m,
k € N, we have that

N
E(Wt(u,...,zk)) _ Z)\th(217""Zk)(wl)»
=1

where we used the convention in line with the previous one, namely
Wt(il""’ik)(w) _ / dw' (t1) - - - dw'™ ().
0<t1 <<t <t

Lyons and Victoir [20] show the existence of cubature formulas on Wiener space
for any d and size N < #{I € A|deg(I) < m} by applying Chakalov’s theorem on
cubature formulas and Chow’s theorem for nilpotent Lie groups. Moreover, due to
the scaling properties of Brownian motion (and its iterated Stratonovich integrals),
ie.

it is sufficient to construct cubature paths for ¢ = 1.

11.11. Assumption. Once and for all, we fix one cubature formula Wy, . ..,wN with
weights A1, ..., AN of degree m > 2 on the interval [0,1]. Without loss of generality
we assume that &;(0) = 0. By abuse of notation, for any t > 0, we will denote
wi(s) = Vit (s/t), s €[0,t], 1 =1,..., N, which yields a cubature formula for [0, ]
with the same weights A1,..., AN.

11.12. Example. For d = 1 Brownian motions, a cubature formula on Wiener
space of degree m = 3 is given by N = 2 paths
s

wi(s) = 7 wa(s) = 7

for fized time horizon t. The corresponding weights are given by A\j = \g = =

5

When we deal with Lip(m + 1) vector fields on extended phase space we can
write down — by means of the finitely many cubature trajectories — a local scheme.
Notice that we have to replace the original vector fields fy,..., 84 by globally
Lip(m + 1) vector fields Bgl, e ,Bgl on some large ball of radius Cj, see Lemma
11.8. The respective solutions of the SDEs are denoted by R®'. Combining then
the stochastic Taylor expansion, the deterministic Taylor expansion for solutions of
ODEs driven by w; for a cubature formula on Wiener space one obtains a one-step
scheme for weak approximation of equations of type (11.3) precisely the same way
as in [20]. Indeed, we get

N
(1113)  sup [E(g(t, BE) = 3, Nt R ()
70 -
mt1 c c
<Ct > max su St B g(t )|,
< omas o sup |3 5g(0)
m<deg(ii,..., i) <m+2

for 0 <t < 1 and some test function g with all derivatives bounded.

11.13. Remark. Due to the a priori bounds on the moments of the solution process
R;, we can estimate the probability for R to leave a ball of radius C1 and we can
therefore control “a priori” the error of replacing the vector fields Bo,...,Bq by
globally Lip(m + 1) vector fields 5(?17..., gl on some large ball of radius C1.

For the global method (in fact an iteration due to the Markov property), divide
the interval [0,7] into p subintervals according to the partition 0 = ¢y < t; <
.-+ < t, =T. For a multi-index (I1,...,l,) € {1,..., N}? consider the path w;, .

p
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defined by concatenating the paths wy,,...,w,, i.e. w1, (t) = wy, (t) for t €]0, 4]
and

Wiy, () = wiy g, (1) +wp, (E—t1)
for r such that ¢ €]t,_1,t,], where w;,_ is scaled to be a cubature path on the interval
[0, £y — tr_1].

11.14. Proposition. Fiz T > 0, m € N, C1 > 0, a cubature formula of degree m
as in Definition 11.10 and a partition of [0,T] as above. For every test function g
there is a constant D independent of the partition such that

sup |E(g(t, R$Y)) — Z Ay gt RS (wry)
rer (l1,nlp)€{1,.., NP
< DT max (t, — tr,l)(m_l)m.
r=1,...,p
Additionally R$! (wiy,...1,), due to [24], we can allow a local error of order ™

along each wy; .

Due to Lemma 11.9 we can transfer the previous result including the rate of
convergence on the original space. Notice that the projection of the equations with
vector fields Bg oo, Bgl only coincide on some bounded set of the original Hilbert
space H with the original equation, which is, however, for numerical purposes suf-
ficient. The transfer works so well due to the linearity of the semigroup and the
projection.

11.15. Remark. The same techniques as in [5] for the inclusion of finite activity
Jjump processes also work in this setting. We do not outline this aspect here, since
our main purpose was to show that high-order weak approximation schemes erist
in the realm of SPDEs under fairly general assumptions on vector fields and test
functions.

We can summarize the method as follows:

e Choose a degree of accuracy m > 2 and a set of cubature paths wq, ..., wy.
e Choose trajectories wy, ..., by means of a MC-procedure.
e Calculate numerically, with error of order mT'H, the solution of the PDE

obtained by “evaluating” the SPDE (11.1) along wy; .
e Apply the main result to obtain a high order convergence scheme of order

m—1

2

11.16. Remark. The advantage of high-order schemes becomes visible when the
calculation of each local step is expensive: in this case a small number p is a true
advantage.

APPENDIX A. STOCHASTIC FUBINI THEOREM WITH RESPECT TO POISSON
MEASURES

In this appendix, we provide a stochastic Fubini theorem with respect to com-
pensated Poisson random measures, see Theorem A.2, which we require for the
proof of Lemma 7.7.

We could not find a proof in the literature. In the appendix of [8], it is merely
mentioned that it can be provided the same way as in [28], where stochastic integrals
with respect to semimartingales are considered. The stochastic Fubini theorem [3,
Thm. 5], which is used in the proof of [21, Prop. 5.3], only deals with finite measure
spaces.

We start with an auxiliary result.
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A.1l. Lemma. Let (0, Fi, pi), ¢ = 1,2 be two o-finite measure spaces. We define
the product space

(€, F, p) o= (1 X Q2, F1 @ Foy 1 @ pug).
For each ® € L*(Q, F, ) there exists a sequence
(A1) (@) nen Cspan{la, 1a, : A; € F; with pi(A;) < oo, i =1,2}
such that ®,, — ® in L*(Q, F, ).

Proof. Let ® € L?(Q2,F,u) be arbitrary. We decompose ® = &+ — &~ into its
positive and negative part. There are sequences (®,)nen, (P,, )nen of nonnegative
measurable functions, taking only a finite number of values, such that &} 1 &+
and & 1 @7, see, e.g., [4, Satz 11.6].

Moreover, since p11 and pg are o-finite measures, there exist sequences (Cp, )nen C
F1 and (Dp)neny C Fa such that pui(Cr) < 0o, pa(Dy) < oo for all n € N and
Cn 1T 1, D, T Qs as n — oo. By Lebesgue’s dominated convergence theorem we
have (®,7 — @, )1¢,xp, — ® in L2(Q, F, ).

Therefore, we may, without loss of generality, assume that & = > ™" j—1Cila,
where m € N, ¢; € R\ {0}, j = 1,....,m and 4; € (F; @ F2) N (Cy X 02)
j=1,...,m, where C; € F;, i = 1,2 and u;(C;) < 00, 1 = 1,2.

Note that the trace o-algebra (F1 ® F2) N (Cy x C3) is generated by the algebra

p
A={LﬂDkxEklpeNandeefmCl,Ekefch forkzl,...,p}.
k=1

y [4, Satz 5.7] there exists, for each j € {1,...,m} and each n € N, a set B} € A
such that u(A;ABY) < L

m2nc?
J
Setting ®,, := >_"" c]]an for n € N we have (A.1) and

[ o)~ eu@Pante) < [ (Zm e —nB;<w>)2du<w>

< 1
< mZ/Qc?]lAjAB;L(w)d,u(w) = ch?u(AjABJ”) <-, n€ N

j=1

showing that ®,, — ® in L?(Q, F, ). O

Let T' € R be a finite time horizon. In order to have a more convenient notation
in the following stochastic Fubini theorem, we introduce the spaces

L7 (n) = L7( R),
12(\) = L2((0,T], B, T], ),
L7(P®A) = L*(Q x [0,T], Fr ® B0, T],P® ),
where LZ(u; H) for a separable Hilbert space H was defined in (2.2), and
(A2) Lh(p@N):=LP(Qx[0,T] x Ex[0,T],Pr®E@B[0,T],PRARF ®\)
for all p > 1.
A.2. Theorem. For each ® € L2.(u® \) we have

(A.3) / B(-, - 8)ds € T (),



36 DAMIR FILIPOVIC, STEFAN TAPPE, AND JOSEF TEICHMANN
there exists ¢ € L#(P ® \) such that for A-almost all s € [0, T

(A.4) // (t,z,s)(u(dt, dx) — F(dx)dt) in L*(Q, Fr,P)

and we have the identity

(A.5)
/oT ¢(s)ds = /OT /E </0T o(t, x, s)dS) (n(dt,dz) = F(dz)dt) in L*(Q, Fr,P).

Proof. Let V C LZ(u ® ) be the vector space
V= span{Kf| K € T2 (), f € L2V}

Let ® € V be arbitrary. Then there exist n € Nand ¢; € R, K; € L& (u), fi € LA(\),
i=1,...,n such that & = Zy.l ¢; K; f;- Moreover we have

¢ = / / (t,z,)(u(dt,dz) — F(dx)dt)

- Zcm(» / /E K (t, ) (uldt, dz) — F(dw)dt) € LH(P@ \),

T n T )
/0 o) =3 il / fils)ds € L3()

and identity (A.5) is valid.
For each ® € L% (u® \) N LL(pn ® A) we have, according to [18, Prop. 11.1.14],

/ / (t,z,)(u(dt,dx) — F(dz)dt)

= Z (I) TTHBT»,L; . ]I{Tn<T} / / t Z, )dt,

neN

(A.6)

where (7, )nen is a sequence of stopping times and 5 denotes an E-valued optional
process. By the classical Fubini theorem we deduce that the stochastic integral in
(A.6) is Fr ® B[0, T]-measurable. Using the Ité-isometry (2.3) we obtain

/ l(// (&2, ) (u(dt, dz) - (dm)dwﬂds
:/0 U/@tﬂfs) F(dx)dt}ds@o

because ® € L2.(p ® A) by hypothesis, and we conclude

/ / (t,z, ) (p(dt,dz) — F(dz)dt) € LZ(P®N\), ®€ LA(p@\)NLA(p@ ).
Now let ® € L2.(u ® A) be arbitrary. By the classical Fubini theorem the integral

appearing in (A.3) is Pr ® E-measurable. Holder’s inequality and the hypothesis
® e Li(p® ) yield

E /T/ (/Té(t,x,s)dsfF(dx)dt]
<TE[/ // (t,2,5)| dsF(dz)dt} < o,
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and hence (A.3) is valid.
Since the measure F is o-finite, there exists a sequence (Bp)nen C E with
F(B,) <oo,n € Nand B, 1 E. We define

T
by = / / (t,2,)1p, (2)(u(dt, dr) — F(dz)dt), neN.
o JE
By (A.7) we have ¢, € L%(P® \) for all n € N. Now, we shall prove that (¢, )nen

is a Cauchy sequence in LZ(P® ).
Let € > 0 be arbitrary. By Lebesgue’s theorem, there exists an index ng € N

such that
T T
/ ]E[/ / |®(t,2,5)* 1\ 5, (ac)F(d:r)dt] ds <€, n>mng
0 o JE

For all m > n > ng we obtain by the Ité-isometry (2.3)

/OTE["%(S)— Om(5))ds = / E| / [ 196,29 11, 5, (@) (o)
< /OTE{/OT/E@(L%S)2]1E\Bn($)F(dm)dt] ds < e,

establishing that (¢,)nen is a Cauchy sequence in L2.(P ® A). Thus, there exists
¢ € L2(P ® \) such that ¢, — ¢ in L (P ® A). The relation

T
/ E[|¢n(s) — d(s)[*]ds — 0 for n — oo
0
implies that there exists a subsequence (ny)ren such that
E[|¢n, (s) — #(s)[*] = 0 for A-almost all s € [0, 7],
that is ¢, (s) = ¢(s) in LE(Q, Fr,P) for A-almost all s € [0,7]. We define

Y= // (t,z,-)(u(dt,dz) — F(dz)dt).

By the classical Fubini theorem we have ®(-, -, s) € L%(u) for A-almost all s € [0, T7.
The Ito-isometry (2.3) and Lebesgue’s theorem yield

B[l (s) - [/ [ (0. 9P s, @F ()it 50 forn s o

implying ¢, (s) — ¥(s) in LZ(Q, Fr,P) for A-almost all s € [0,T]. We infer that
B(s) = (s) in LZ(Q, Fr,P) for A-almost all s € [0,T], proving (A.4).

According to Lemma A.1 there exists a sequence (®,,),en C V such that ®,, — @
in LZ(u ® A). From the beginning of the proof we know that for each n € N we
have

T
S Z, XL XL 2
/0<1>( s)ds € L2 (u // (t,z, ) (u(dt, dzx) — F(dz)dt) € LA([P® \)

and the identity

AyR——
:/OT/E </0T¢" b s) ds) (p(dt, dz) — F(dw)dt)

(A.8)
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in L2(Q, Fr,P). By Holder’s inequality, (A.4), the Ito-isometry (2.3) and the con-
vergence ®,, — ® in L2 (u® \) we get

E ( /0 ! < /0 ! [E B (t, 2, 5)(u(dt, dz) —F(dm)dt))ds— /0 : ¢(s)ds>

(A.9) gT/OTE </OT[E<I>n(t,x,s)(p(dt,dx)—F(dm)dt)—¢(s))2 ds

2

T/OTE[/OT/E|¢n(t,x,s) —@(t,x,s)|2F(dx)dt}ds%O.

The It6-isometry (2.3), Holder’s inequality and the convergence ®,, — ® in LZ(u®

A) yield

E (/OT/E </OT <I>n(t,a:,s)ds> (u(dt, dz) — F(dz)dt)
a0 - /OT /E (/OT O(t, x, s)ds) (u(dt,dz) — F(cjac)dt))2

=E /OT/E (/OT(@n(t,x,s) - @(t,x,s))ds) F(dx)dt

< TEUOT/E/OT@”():,JU,S) —@(t,x,s)QF(dx)dtds} 0.
Combining (A.8), (A.9) and (A.10) we arrive at (A.5). O
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